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ABSTRACT: Limited diffraction beams have a large depth of field
and could have many applications. In this article, new limited diffraction beams are developed. They are composed of multiple parallel
beams and are thus called array beams. A broadband synthetic array
experiment is used to produce these beams of a finite aperture, and
results are in excellent agreement with theory over a large depth of
field. In addition, potential applications of the new beams to real-time
volumetric imaging and measurement of transverse velocity of blood
flow are described. q 1997 John Wiley & Sons, Inc. Int J Imaging Syst

infinite aperture. Because of their high side lobes and complex
beam patterns near the cone surface, these devices are not currently used in clinics. Ring antenna [42] or transducer [43,44] is
another type of device that increases the depth of field. However,
the depth of field is increased only in the far field of the rings
[45,46] where beams diffract significantly. Near the surfaces of
the rings, beams do not even have a central peak. In addition,
ring devices have a low energy efficiency because they must be
thin. Dynamic focusing [47] is another method to increase the
depth of field, in which the focal length of a receiver increases
with the distance so that echoes are always in focus. Combined
with a dynamic aperture technique [48], dynamic focusing may
produce a constant f-number and thus have a constant lateral
beamwidth or resolution in imaging over the depth of interest.
However, this method can be applied only in reception [47].
Other methods that increase the depth of field are reviewed in
Reference [3].
Recently, new beams that have a large depth of field were
developed. These beams are called localized waves and can propagate to a large distance with only local deformation. Localized
waves were first discovered by Brittingham in 1983 and were
termed ‘‘focus wave modes’’ [49]. They were further studied by
Ziolkowski et al. [50,51] and many other investigators [52–59].
Independent of Brittingham and Ziolkowski’s work, in 1987, Durnin performed the first experimental study of a limited diffraction
beam [1]. Unlike localized waves, in theory, limited diffraction
beams can propagate to an infinite distance without changing
their sharply focused beam shapes. Durnin termed the new beams
‘‘nondiffracting beams’’ [1] or ‘‘diffraction-free beams’’ [2]. Because Durnin’s terminologies are controversial in scientific communities, a new term, ‘‘limited diffraction beams,’’ has been used
on the basis that all practical beams will diffract eventually [3].
Durnin’s beams (also called Bessel beams because their lateral
beam profiles are a Bessel function) have been further studied in
both optics [34,60,61] and acoustics [29,30].
More recently, a new type of limited diffraction beams was
discovered. They were obtained by directly solving the wave
equation. These beams are called X waves because they have an
X-like shape in a plane along the beam axis [15–18]. X waves
also have a large depth of field but are different from Bessel
beams because they are nondispersive (speed of waves are not a
function of frequency) in an isotropic/homogeneous medium. The
nondispersive property of X waves may be useful for image
restoration where the point spread function of an imaging system
is depth independent [4,23].
In this article, another new type of limited diffraction beams
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I. INTRODUCTION
Limited diffraction beams have an infinite depth of field if they
are produced with an infinite aperture [1–3]. Even if produced
with a finite aperture, they have a large depth of field [1]. Because
of this, limited diffraction beams could have applications in medical imaging [3–26], tissue characterization [27], nondestructive
evaluation of materials (NDE) [28–30], Doppler velocity estimation [31], and other areas such as electromagnetics [32,33] and
optics [34]. In the following, a brief background on the development of beams of a large depth of field is given.
Conventional focused beams are widely used in various areas but
they have a short depth of field [35]. They have a small beamwidth or
high lateral resolution in imaging around their focal region. Away
from the focus, beams diverge or spread very quickly, especially
for a smaller f-number (focal length divided by aperture diameter).
When these beams are applied to pulse-echo medical imaging, multiple transmissions of beams focused at different depths are needed
to increase an effective depth of field. Because transmission of a
beam must wait until all echoes of previous one return and the
propagation speed of sound in biologic soft tissues is limited, multiple transmissions reduce image frame rate greatly. A low frame rate
blurs images of moving objects such as the heart.
To overcome the problem of the small depth of field of conventional focused beams, various methods have been developed.
For example, McLeod [36] invented an optical device in 1954
that has a large depth of field and is called Axicon. This device
was implemented in acoustics by Burckhardt et al. in 1973 [37]
and was further studied by many investigators [38–41]. Unlike
limited diffraction beams, beams produced by an Axicon change
with propagation distance even if they are produced with an
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is developed. These beams are called array beams because they
are composed of multiple parallel sub-beams that form an array
pattern in a plane perpendicular to the beam axis. A broadband
synthetic array experiment was developed to produce these beams
of a finite aperture, and results are in excellent agreement with
those of theoretical beams over a large depth of field. In addition,
potential applications of these beams to real-time volumetric imaging [62–67] and the measurement of transverse velocity of
blood flow [31,68,69] are described.

FJn(s) Å

1
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A. Limited Diffraction Solutions. The N-dimensional isotropic/homogeneous scalar wave equation is given by [70]

F∑

jÅ1

G
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where
N01

s Å ∑ Djxj / DN(xN 0 c1t),

(N ¢ 1),

(7)
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where the superscript ‘‘Am’’ means ‘‘mth-derivative array
beams,’’ and m is an even integer that is ú0. It is noticed that
FAJnm in Equation (8) is also a solution to the wave equation (1)
[this can be verified by directly inserting Eq. (8) into (1), exchanging the order of derivatives, and then using the fact that FJn is a
solution to (1)]. For simplicity, in the following we assume that
n Å 0 in Equation (8), where FJ0 is called the zeroth-order Bessel
beam. To see the trend of beam patterns of (8) with m, two
examples are given for m Å 4 and 10.
Transverse patterns of ÉFAJ0m(r, f, z 0 c1t)É, (r ° D/2), at z Å
c1t for m Å 4 and 10 are shown in the panels (a) and (b) respectively, of Figure 1, where D Å 50 mm is the diameter of the
aperture. It is seen that as m increases, the number of beam grids
increases, too. Theoretically, if D r `, the field patterns shown
in Figure 1(a) and 1(b) will stay forever as the beams propagate
to an infinite distance (nondiffracting).

where xj, (j Å 1, 2, . . . , N), represent rectangular coordinates in
an N-dimensional space, t is time, N is an integer that is ú0, c
is a constant, and F Å F(x1, x2, . . . , xN; t) is an N-dimensional
wave field.
One family of solutions of Equation (1) is given by [4]
F(x1, x2, . . . , xN; t) Å f(s),

A(u)f(s) du

0p

where A(u) Å ineinu, n is an integer that is ¢ 0, the subscript ‘‘Jn’’
means ‘‘nth-order Bessel beams,’’ Jn(rq) is the nth-order Bessel
function of the first kind [71], and r Å x2 / y2 and f Å tan01(y/
x) are variables in the polar coordinates.
Taking the mth-derivative of Equation (7) in terms of both
variables x and y, one obtains the Bessel array beams

FAJnm(r, f, z 0 c1t) Å

Ì2
1 Ì2
0 2 2 F Å 0,
2
Ì xj
c Ìt

p

Å Jn(ar)ei(bz0vt/nf),

II. THEORY
In this section, array beams will be derived from a general limited
diffraction solution of an N-dimensional wave equation.

N

*

(3)

jÅ1

C. Grid Array Beams. Choosing different parameters, one obtains from Equation (2) a limited diffraction beam that has a
larger grid area than the Bessel array beams. Let l Å 3, x1 Å x,
x2 Å y, x3 Å z, D1 Å {ikx, D2 Å {iky, and D3 Å ikz, where kx and
ky are the x and y components of the vector wave number k Å
({kx, {ky, kz), respectively, where ‘‘{’’ means that either the
plus
or minus sign can be selected, and where kz Å
q
k2 0 k2x 0 k2y ú 0 and k Å ÉkÉ Å v/c, from Equation (3), one
obtains four different s:

and where Dj are complex coefficients that are independent of
the spatial and time variables (xj (j Å 1, 2, . . . , N) and t), f(s) is
any well-behaved complex function of s, and

r

N01

c1 Å c 1 / ∑ D2j /D2N ,

(N ¢ 1).

(4)

jÅ1

If c1 is real, Equation (2) and its linear combinations represent
limited diffraction solutions of Equation (1).
B. Bessel Array Beams. If N Å 3, Equation (1) is a threedimensional wave equation. Assume that x1 Å x, x2 Å y, x3 Å z,
D1 Å 0ia cos u, D2 Å 0ia sin u, and D3q Å ib, where a is a
constant, u is a free parameter, and b Å k2 0 a2 ú 0, where
k Å v/c is the wave number and v is the angular frequency, from
Equation (3) one obtains

s Å 0ia(x cos u / y sin u) / ib(z 0 c1t),

s1 Å /ikxx / ikyy / ikz(z 0 c1t),
s2 Å 0ikxx / ikyy / ikz(z 0 c1t),

(9)

s3 Å /ikxx 0 ikyy / ikz(z 0 c1t),
s4 Å 0ikxx 0 ikyy / ikz(z 0 c1t),

(5)

where
q

where
q

c1 Å c 1 / (k2x / k2y )/k2z Å v/kz.
2

2

c1 Å c 1 / a /b Å v/b.

(6)
Substituting Equation (9) into (2) and using the following
linear combination, {[f(s1) / f(s2)]/2 / [f(s3) / f(s4)]/2}/2, where
f(sj) Å esj (j Å 1, 2, 3, 4), one obtains grid array beams:

Let f(s) Å es and integrate f(s) over u, one obtains the nthorder Bessel beams [15,1]

Vol. 8, 126–136 (1997)

/

8401$$4427

12-23-96 14:01:33

(10)

ista

W: IST

4427

127

Figure 1. Limited diffraction array beams obtained from the theoretical solutions of the wave Equation (1): (a) Fourth-derivative Bessel array
beam; (b) 10th-derivative Bessel array beam, (c) grid array beam, and (d) layered array beam. These beams are shown in a diameter of 50
mm. The parameter of the beams (a Å 1202.45 m01, and kx Å ky Å 870.45 m01) are chosen so that their grid sizes are comparable. The images
shown in the panels are the peak of the absolute values of the beams at every point (x, y) in a plane perpendicular to the propagation axis of
the beams (e.g., at z Å c1t) and are displayed from 0 to 1 in 256 gray-scales.

FG(x, y, z 0 c1t) Å (cos kxx)(cos kyy)eikz(z0c1t),

q

c1 Å c 1 / k2x /k2z Å v/kz.

(11)

where the subscript ‘‘G’’ means ‘‘grid.’’
A transverse pattern of a grid array beam ÉFG(x, y, z 0 c1t)É
in Equation (11) at z Å c1t is shown in Figure 1(c) with the
parameter kx Å ky Å 870.45 m01 (D Å 50 mm).

Substituting Equation (12) into (2) and using the following
linear combination, [f(s1) / f(s2)]/2, where f(sj) Å esj (j Å 1, 2),
one obtains layered array beams:

D. Layered Array Beams. Solving a two-dimensional wave
equation [N Å 2 in Eq. (1)], one obtains layered array beams.
Let x1 Å x, x2 Å z, D1 Å {ikx, and D2 Å ikz, where kx is the x
component
of the vector wave number k Å ({kx, kz), where
q
kz Å k2 0 k2x ú 0 and k Å ÉkÉ Å v/c, from Equation (3), one
obtains two different s:

H

s1 Å /ikxx / ikz(z 0 c1t),

FL(x, z 0 c1t) Å (cos kxx)eikz(z0c1t),

(12)

s2 Å 0ikxx / ikz(z 0 c1t),
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(14)

where the subscript ‘‘L’’ means ‘‘layered.’’ It is noted that the
layered array beams in Equation (14) are independent of y.
A transverse pattern of a layered array beam ÉFL(x, z 0 c1t)É
in Equation (14) at z Å c1t is shown in panel (d) of Figure 1 with
the parameter kx Å 870.45 m01 (D Å 50 mm). The parallel structure of the beam layers in Figure 1(d) will remain unchanged for
all t if the beam is produced with an infinite aperture D r `.
With layered array beams, the transverse velocity of blood flow
can be measured without using a wedge stand.

where

128

(13)
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bandwidth was about 80%) and its central frequency was 2.5
MHz. Because short pulses are desired for imaging, instead of a
continuous-wave (CW) waveform required by Equations (8),
(11), and (14), a broadband pulse with a time duration of about
1.5 cycles was used to drive the transducer. The transducer was
immersed in water and scanned in a raster format firing sequentially on the positions where the elements of a two-dimensional
array would exist. The distance between firings was 0.2 mm and
the excitation pulse was weighted with the function, Equation
(8), (11), or (14), evaluated at the distance z Å c1t Å 0, as the
transducer moved from one position to another. A 0.5-mm diameter hydrophone (NTR System) was placed at a fix point some
distance away from the scanning plane and the acoustic waves
measured with the hydrophone were coherently summed to give
the response of that point. The summation was done for those
transducer positions that were within a 50-mm diameter which
defined the aperture of the synthetic array. To obtain acoustic
responses along a line, the position of the hydrophone was
changed relative to the scanning aperture in a step of 0.2 mm.
Experiment results of the array beams and their comparison
with those of the CW theoretical beams are shown in Figure 3.
It is seen that the broadband or pulse wave (PW) beams do not
change the intergrid distances or the parallel structures of the
CW beams. This means that PW array beams can also be used
for the real-time volumetric imaging and the measurement of
transverse velocity of blood flow. Because the experimental
beams have a finite aperture, they have a finite depth of field and
are only approximations of the theoretical beams. Within the
depth of field (see panels in the left column for z Å 100 mm),
the experiment is in an excellent agreement with the theory. Near
the boundary of the depth of field (z Å 216 mm), the experimental
beams start to spread.
Because an array beam of a phase velocity, c1, where c1 ú c,
can be represented with a linear superposition of Bessel beams
of the same phase velocity but of different orders [74,75], it has
the same depth of field as the Bessel beams. The depth of field
of a Bessel beam is given by [75,74] (derived from [1,15])

Figure 2. Line plots of the array beams in Figure 1 through the x
axis at y Å 0. The fourth- and 10th-derivative Bessel array beams are
shown with dotted and dashed lines, respectively. The grid array
beam and the layered array beam are shown with long dashed and
full lines. Because the parameter kx is the same for both grid and
layered array beams, their line plots are virtually overlapped. The
vertical axis of the plots is normalized magnitude and the lateral axis
is from 025 to 25 mm.

E. Line Plots of Array Beams. To show the details of the
patterns of the theoretical array beams in Figure 1, line plots
through the x axis (at y Å 0) are given in Figure 2. These plots
show that as the order of derivative increases, Bessel array beams
approach a grid array beam (see the changes of the intergrid
distances and the magnitude of the grids of the Bessel array
beams).

Zmax Å a

III. EXPERIMENT
In this section, a broadband synthetic array experiment was used
to produce limited diffraction array beams. Results were compared to those of the theoretical beams.
Similar to a plane wave, a theoretical limited diffraction array
beam given by Equation (8), (11), or (14) cannot be produced in
practice because it requires an infinite aperture. However, it can
be approximately produced over a large depth of field with a
two-dimensional array transducer of a finite aperture and a finite
number of elements. The larger the number is of elements of an
array, the better the aperture weighting functions or beams are
approximated. However, a two-dimensional array of a large number of elements is difficult to make. Instead of using such an
array, a synthetic array experiment [72,73] can be used to produce
the array beams.
In the experiment, a small transducer of a diameter of about 1
mm was used. The transducer was broadband (its 06-dB relative

r

1

SD
c1
c

,

2

01

where a is the radius of the aperture. With the parameters given
in Figure 1 and the experiment above, the phase velocities of the
Bessel array beams, grid array beams, and layered array beams
are given by
v
v
Åq 2
Å 1509.99 m/s,
b
k 0 a2

(16)

v
v
Åq 2
Å 1510.47 m/s,
kz
k 0 k2x 0 k2y

(17)

v
v
Åq 2
Å 1505.21 m/s,
kz
k 0 k2x

(18)

c1 Å

c1 Å

and

c1 Å
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Figure 3. Line plots of limited diffraction array beams obtained with a broadband synthetic array experiment (full lines) at two axial distances,
z Å 100 mm (panels in the left column) and 216 mm (panels in the right column). The plots show the peaks of the magnitudes of the beams
evaluated on the x axis (lateral distance) at y Å 0. The panels in the rows from the top to bottom correspond to the fourth- and 10th-derivative
Bessel array beams, the grid array beam, and the layered array beam, respectively. For comparison, plots from Figure 2 are added accordingly
(dotted lines). The vertical and the lateral axes are the same as those in Figure 2. Notice that the experiment data were obtained from x Å 0
to 25 mm and plots from x Å 025 to 0 mm were mirrored accordingly because beams should be symmetric about the y axis.
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respectively, resulting in depths of field of 216.28, 211.20, and
299.72 mm.
For broadband array beams, the depths of field calculated from
Equation (15) are approximately true because the spectrum of
the pulse used in the experiment was strongly peaked at the
central frequency of 2.5 MHz. This was shown in many previous
publications [3,4,7,8,15,16].
IV. POSSIBLE APPLICATIONS

Limited diffraction array beams have parallel beam structures as
well as a large depth of field. Therefore, they have potential
applications in real-time volumetric imaging and measurement
of transverse velocity of blood flow.
A. Volumetric Imaging. Ultrasonic volumetric imaging can be
viewed as a stack of two-dimensional B-mode images. Because
the speed of sound in objects such as biologic soft tissues is
finite, the image frame rate of conventional B-mode scanners is
limited, especially when imaging a large region of interest. In
volumetric imaging, the image frame rate will be further reduced
by the number of B-mode images stacked. Therefore, it is necessary to apply parallel processing (beam forming) for received
signals. The parallel beam forming requires a simultaneous acoustic illumination of an area in which multiple receive beams are
formed [62,63] or a simultaneous transmission of multiple focused beams to cover the area. Because array beams such as grid
array beams are composed of multiple parallel pencil beams (stay
in focus over a large distance and each sub-beam has a high
lateral resolution) (Fig. 4), they could be used to illuminate a
larger area while improving lateral resolution over a large depth
of field in real-time volumetric imaging.
A real-time volumetric imaging system with a grid array beam
is described as follows. With a grid array beam, parallel pencil
beams are transmitted simultaneously to illuminate an area of
interest. Each pencil beam has its well-defined boarders and the
thickness of the beam does not change from the surface of transducer to a predefined depth of interest (depth of field). In receive,
transducer elements can be weighted using conventional techniques to form multiple receive beams (parallel beam forming)
and to focus the beams dynamically with a dynamic aperture.
Because transmit beams have a large depth of field, multiple
transmissions to refocus the beams at different depths are not
necessary. In addition, because all beams in a grid array beam
are pencil-like, they have a better lateral definition of a resolution
cell than a broad transmission beam [62] that fills up the gaps
between the multiple beams of a grid array beam. A schematic
of using a grid array beam in volumetric imaging is shown in
Figure 4. Other array beams such as the Bessel array beams could
also be used.

Figure 4. A schematic of a limited diffraction grid array beam for
real-time volumetric imaging. A two-dimensional array transducer is
driven with a short pulse (say, one and a half cycles) and weighted
with (11) to produce an approximate grid array beam. Echoes returned
from scattering materials will be picked up by the same transducer
that forms multiple dynamically focused receive beams that follow the
parallel transmission beams. The simultaneous formation of parallel
receiving beams will increase image frame rate. Because grid array
beams are limited diffraction beams, the lateral width of the grid of
the transmission beam will remain constant over a large depth of field
(Fig. 3). The transducer can be scanned electronically or mechanically
in a raster format within a grid area in the x–y plane to increase the
density of A-lines in the cylindrical volume.

where (x0, z0) is the position of the receiver at t Å 0. Substituting
Equation (19) into (14) and ignoring the secondary Doppler effects (Doppler effects caused by frequency shift), we obtain [31]
g(ru 0, t) Å cos[kx(x0 / £t sin u)]eikz(z0/£tcosu)0iv0t

F

H

0x0
£ sin u

DG

ei(kz£cosu0v0)teikzz0 (20)

where v0 is theq angular frequency of the received signal when £
Å 0 and kz Å k20 0 k2x , where k0 Å v0/c.
If we use the following definition of the Fourier transform
G(v) Å

*

`

g(t)eivt dt

we have the Fourier transform pair
cos at } p[d(v / a) / d(v 0 a)].

G(ru 0, v) Å p[d(v* / kx£ sin u)
/ d(v* 0 kx£ sin u)]e0i(x0/£sinu)v=eikzz0

(19)

z Å z0 / £t cos u
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From Equations (20) and (21) and using the shift and modulation
theorems of the Fourier transform, we obtain

(23)

where

Vol. 8, 126–136 (1997)

/

(21)

0`

B. Measurement of Transverse Velocity of Blood
Flow. Assuming that a layered array beam is given by Equation
(14), and a point receiver is moving in the x–z plane at a velocity
£ that makes an angle u with the z axis, we can write the position
of the receiver [31,68]

x Å x0 / £t sin u

S

Å cos kx£ sin u t 0
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v* Å v 0 (v0 0 kz£ cos u).

F

(24)

u Å tan01

In Equations (23) and (24), we notice that kx£ sin u and kz£ cos
u are frequency shifts caused by the transverse beam modulation
of received signals and the Doppler effects, respectively.
From Equation (14) we obtain the pulsed-echo response of a
layered array beam from a point scatterer
FLb(x, z 0 c1t) Å (cos2kxx)e2ikzz0iv0t,

F

S

0x0
£ sin u

DG

(25)

ei(2kz£cosu0v0)tei2kzz0.
(26)

With the Fourier transform, we obtain the spectrum
Gb(ru 0, v) Å pd(v*)ei2kzz0 /

p
[d(v* / 2kx£ sin u)
2

/ d(v* 0 2kx£ sin u)]e0i(x0/£sinu)v=ei2kzz0

(27)

where
v* Å v 0 (v0 0 2kz£ cos u).

(28)

We see that the spectrum of the pulsed-echo response of a layered
array beam transducer is composed of three line spectra at
v Å v c,

(29)

v Å vc 0 2kx£ sin u,

(30)

v Å vc / 2kx£ sin u,

(31)

vc Å v0 0 2kz£ cos u

(32)

and

respectively, where

is the new central frequency caused by the Doppler effects. From
Equations (30) and (31), we see that the distance (bandwidth)
between the two side-line spectra is given by
vb Å 4kx£ sin u.

(33)

From Equations (32) and (33), we obtain both the velocity and
its angle with respect to the z axis [31,68]
£Å

1
2

r

S D S
vb
2kx

2

/

D

vc 0 v0
kz

2

(34)

and

132
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From Equation (32), we see that if u Å 907, vc Å v0 and there
is no Doppler shift. In this case, it is not possible to measure the
velocity of a scatterer with a conventional plane wave. However,
with a layered array beam, the velocity can be accurately determined from Equation (33), because there are two peaks in the
spectrum of the received pulsed-echo signal that can be used to
calculate the bandwidth of the spectrum broadening due to the
beam modulation.
Measurement of transverse velocity of moving scatterers such
as blood flow was first proposed in [68] with a conventional
focused beam. The spectrum due to the transverse beam modulation has a shape of a triangle when the scatterers are near the
focus. The spectrum may change with depth, but the minimum
and maximum frequencies of the spectrum or the bandwidth are
constant for a given velocity. Theoretically, in noise-free environment, the velocity can be determined from the maximum and
minimum frequencies. Limited diffraction beams have a large
depth of field. Therefore, their spectra have not only constant
maximum and minimum frequencies, but also constant shapes
over depth. When a Bessel beam is used [31], its spectrum has
shoulders at the maximum and minimum frequencies. This helps
to increase the accuracy of velocity measurement in a noisy environment, because shoulders can be used to determine the maximum and minimum frequencies.
With layered array beams, the shoulders in the spectrum of a
Bessel beam are replaced with peaks. The peaks are easier to
locate than the shoulders in a noisy environment, and thus the
accuracy of the velocity measurement can be further improved.
In addition, layered array beams are easier to implement in practice and can be incorporated into commercial B-scan imagers
because their weightings are one dimensional and they can be
produced with a linear array [Fig. 5(a)]. Computer simulations
have shown that layered array beams are uncoupled between the
x (lateral) and y (elevation) directions. The cosine beam pattern
(14) in the lateral direction is the same when the beam is focused
in the elevation direction. This means that a lens or a 1.5-dimensional array can be used to focus layered array beams into a thin
line in elevation direction [Fig. 5(b)]. By using a pulse, the focused layered array beams can be used to determine the velocity
of a parallel line of blood flow within a vessel that is parallel to
the linear array. In practice, the position of the vessel can be
determined with a conventional B-mode image, and then a layered array beam is used to measure the transverse flow velocity
without using a wedge stand. This is useful for velocity measurement of blood flow in vessels that are close and run in parallel
to skin. If we are only interested in such vessels (e.g., carotid
arteries), high-frequency (e.g., 10-MHz) transducers can be used,
since less penetration depth is required. In this case, from Equations (15) and (18), we see that the size of aperture of the transducer can be reduced or the scaling parameter kx can be increased.
A larger kx increases the bandwidth of the spectrum broadening
and thus reduces errors in velocity estimation (33). Further computer simulations and experiments with layered array beams can
be done similar to those published in [31]. Better results are
expected.

where the subscript ‘‘b’’ means ‘‘backscattered.’’ Substituting
Equation (19) into (25), one obtains a backscattered signal from
a moving point scatter
gb(ru 0, t) Å cos2 kx£ sin u t 0

G

0vbkz
.
2kx(vc 0 v0)
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and (14)]. If c1 r `, the lateral resolution will be the highest, but
the depth of field will be zero. If c1 r c, the scaling parameters
must be zero and the array beams are actually a truncated plane
wave propagating along the z axis [see Eqs. (8), (11), and (14)].
In this case, Equation (15) should be replaced with the Rayleigh
distance [35].
C. Sidelobes. Array beams are composed of multiple parallel
beams and their side lobes may be as large as the main lobe.
However, in real-time volumetric imaging, multiple beams in
transmission are required for subsequent parallel receive beam
forming. Compared to broad diverging transmit beams [62–65],
array beams may increase lateral resolution and have smaller
energy in ‘‘side lobes’’ (there are gaps between parallel beams).
In addition, array beams have the advantage of a large depth of
field compared to conventional focused beams. ‘‘Side lobes’’ in
layered array beams are useful in the measurement of the transverse velocity of blood flow.
D. Volumetric Imaging. Compared to two-dimensional Bmode imaging, volumetric imaging systems are much more complicated. A two-dimensional array transducer of a large number
of elements is usually required. The electronics that associate
with the array transducer are also very complex because a large
number of channels in both transmission and reception is needed.
The complexity increases further with the number of parallel
beam formers in reception. In addition, there are other complexities, too, such as, huge amount of data coming from the beamforming system need to be processed, stored, and displayed effectively to convey diagnostic information of tissues. However, these
problems may be solved in the future as the technologies for twodimensional arrays and electronics advances.

Figure 5. A schematic of a limited diffraction layered array beam
[formed by a cosine weighting (14) in the x direction of a linear array]
for the measurement of transverse velocity of blood flow. To increase
the range or axial resolution, a short tone burst instead of CW wave
can be used. In the elevation direction (y direction), the beam can be
either unfocused (a) or focused (b). With a focused beam and a short
pulse, a thin line within the vessel can be defined, and thus the velocity
profile in a vessel can be measured.

E. Measurement of Transverse Velocity of Blood Flow.
The advantages and limitations of layered array beams for the
measurement of the transverse velocity of blood flow are similar
to those of Bessel beams given in [31]. However, layered array
beams have additional advantages discussed in the Possible Applications section, such as that there are peaks at the maximum
and minimum frequencies of the spectrum and they can be implemented with a linear array.
In practice, the aperture of layered array beams is finite. If a
layered array beam is truncated in the x direction with a rectangular window,

V. DISCUSSION
A. Resolution. Lateral resolution of limited diffraction array
beams is controlled by the scaling parameters, a, for the Bessel
array beams (8), and kx and ky for the grid (11) and layered
(14) array beams. The larger these constants are, the smaller the
beamwidth or the higher the resolution will be. However, these
parameters must be smaller than the wave number, k, so that the
propagation constants, b (8) and kz ((11) and (14)), are real.
Otherwise, the solutions (8), (11), and (14) will not represent a
propagating wave, rather, a decayed vibration along z axis. Because k Å 2p/l, where l is the wavelength, the maximum lateral
resolution is related to the wavelength of beams.

W(x) Å

H

1; ÉxÉ ° D/2
,

Equation (14) should be modified by multiplying W(x). The spectrum of the modified layered array beams can also be obtained
because the multiplication of a function in the spatial domain is
equivalent to the convolution in its spatial frequency domain.
Apparently, the spectrum peaks in Equations (23) and (27) will
be replaced with a sinc function, since the Fourier transform of
(36) is a sinc function.

B. Depth of Field. Limited diffraction beams have an infinite
depth of field if they are produced with an infinite aperture. When
these beams are produced with a finite aperture, they have a large
depth of field. It is seen from Equation (15) that the depth of
field is determined by the phase velocity c1, where c1 ú c. From
Equations (16) to (18), we see that as c1 increases, the scaling
parameters a, kx, and ky also increase. This increases the lateral
resolution of parallel beams in an array beam [see Eqs. (8), (11),

F. Production of Limited Diffraction Array Beams.
Weighting functions for limited diffraction array beams [Eqs. (8),
(11), and (14)] can be approximated by stepwise functions of
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infinite fine steps. This means that a two-dimensional array of an
infinite number of elements is needed. In practice, the weighting
functions can be approximated with an array of fewer elements.
According to the Nyquist sampling theorem, the sampling frequency of an aperture weighting function should be at least twice
that of the maximum frequency of the function [76]. In the case
of the grid and layered array beams, the highest spatial frequency
along the x and y axes is determined by kx and ky [see Eqs.
(11) and (14)], respectively. Therefore, if the minimum sampling
frequency required by the Nyquist theorem is used, the number
of elements of transducer arrays for producing the array beams
shown in Figure 1(c) and 1(d) can be as few as 145 and 13,
respectively, resulting in an alternating phase weighting used
previously in the production of Bessel beams [8]. Although the
stepwise weightings may have some effects on beams in the near
field of individual elements of the transducer arrays, the cosine
beam patterns will be recovered in their far field. This is evidenced in [8]. As the sampling frequency is increased from the
minimum frequency (number of elements of a transducer array
is increased [5]), the influence of stepwise weighting will be
diminished quickly because the near-field distance of individual
element decreases with the square of the aperture size of the
element.
With the analysis above, a two-dimensional array of 145 elements can be used to produce the grid array beam in Figure 1(c).
Such array can be used in a real-time volumetric imaging system
where 145 parallel pencil beams are transmitted simultaneously
and the same number of parallel dynamically focused beams that
follow the transmitting beams is formed in reception. To increase
the line density within the large aperture (50 mm in diameter),
the two-dimensional array can be scanned electronically (similar
to the scan in a commercial linear array that requires a larger
number of elements) or mechanically in a raster format within a
grid area. If 10 A-lines between parallel beams are added, the
line density of the cylindrical volume (Fig. 4) will be increased
from 145 to about 14,500. The suggested system will have a high
image frame rate (30 frame/s) over a distance of 25 cm. Although
image frame rate is increased 145 times in this system, the same
number of receive beam formers are required, and thus the imaging system will be very complex. Currently, only a system that
has 16 parallel beam formers, each of which has 64 channels,
has been reported [63].
Because grid array beams have a large depth of field, a realtime volumetric imaging system that has a constant transverse
resolution could be constructed by combing the dynamic aperture
technique [48] with the dynamically focused reception that maintains a constant f-number everywhere within the imaging volume.
A constant resolution may be useful in image restoration because
the point spread function of such system will be depth independent.
From Figure 1(d), it is seen that the construction of a transducer for the layered array beam can be simplified if the minimum
sampling frequency required by the Nyquist theorem is chosen.
To produce the layered array beam in Figure 1(d), 13 elements
may be sufficient. This can be done by weighting the output of
the array alternatively in phase in both transmit and receive.
Because layered array beams (14) are independent of the axis, y,
the dimension of the linear array in y should be sufficiently large
so that the depth of field (Rayleigh distance) imposed in this
direction is equal or larger than that in the x direction (Fig. 5).
Because the beam patterns in x and y directions are actually
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decoupled for layered array beams, a lens or a one-and-a-half
dimensional array can be used to focus the beam in the y direction.
G. More Limited Diffraction Beams. Limited diffraction
array beams are only examples of new limited diffraction beams.
The solution (2) of the wave equation is quite general and its
linear combination over free parameters [9,15] may produce more
beams that have practical applications.
H. Future Studies. Detailed studies (resolution and contrast)
of volumetric imaging systems with limited diffraction array
beams can be further studied with computer simulations. Applications of layered array beams for the measurement of transverse
velocity of blood flow will be investigated in experiment. Other
applications of the new beams will be explored.
VI. CONCLUSION
New limited diffraction beams that are called array beams have
been developed. These beams are composed of multiple parallel
beams and have an infinite depth of field when produced with an
infinite aperture. Even if with a finite aperture, they have a large
depth of field. In addition to theory, a synthetic array experiment
was performed to produce these beams. The experiment results
agree very well with the theory even if the beams are produced
with a broadband pulse. The new beams may have potential
applications in volumetric imaging and the measurement of transverse velocity of blood flow.
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