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Designing Limited Diffraction Beams
Jian-yu Lu, Member, IEEE

Abstract—Theoretically, limited diffraction beams can
only be produced with an infinite aperture. In practice,
they can be closely approximated with a finite aperture
over a large depth of field. Because of this property, these
beams could have applications in medical imaging, tissue
characterization, Doppler velocity estimation, and nonde-
structive evaluation (NDE) of materials, as well as other
physics-related areas such as electromagnetics and optics.
In this paper, a new method is developed to design limited
diffraction beams of desired beam shapes within a finite
aperture of interest. It uses previously discovered limited
diffraction beams such as Bessel beams and X waves as basis
functions, and constructs new beams with linear superpo-
sitions of the bases. To construct a new beam of a desired
shape, coefficients of the basis functions in the linear super-
position are chosen so that the difference between the new
beam and a desired beam is minimized under the criterion
of least-squares error within the aperture. This procedure
is implemented by digitizing both the basis beams and de-
sired beams in the aperture and solving a system of linear
equations from its normal equation. The method is applied
to several desired beams that are limited diffraction beams
known previously. Results show that the designed beams
and the desired beams are virtually identical. If the desired
beams are not solutions to the wave equation, the designed
beams are new limited diffraction beams that are similar in
shapes to the desired beams. This suggests that the method
may be a powerful and practical tool for developing new
limited diffraction beams of desired properties.

I. Introduction

Limited diffraction beams were first discovered by
Stratton in 1941 [1]. These beams were further investi-

gated by Durnin with both computer simulation and opti-
cal experiment in 1987 [2],[3]. Durnin termed these beams
“nondiffracting beams” or “diffraction-free beams.” Be-
cause Durnin’s terminologies are controversial, we use the
new term “limited diffraction beams” [4]. Theoretically, lim-
ited diffraction beams can be produced only with an infinite
aperture. In practice, they (including other related beams
such as “focus wave modes” or “localized waves” discovered
first by Brittingham in 1983 [5]) can be closely approximated
with a finite aperture over a large depth of field. Because of
this property, these beams could have applications in medi-
cal imaging [6]–[9], tissue characterization [10], Doppler ve-
locity estimation [11], nondestructive evaluation (NDE) of
materials [12], and other physics-related areas such as elec-
tromagnetics [13]–[15] and optics [16],[17].
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In recent years, limited diffraction beams such as Bessel
beams [1]–[3], X waves [18]–[23], bowtie beams [24],[25],
and array beams [26] have been studied in detail [27]–[34].
However, a question remains: can an arbitrary beam be
represented by a linear superposition of a series of lim-
ited diffraction basis beams? The answer is “no.” This is
because limited diffraction basis beams are solutions to
the isotropic/homogeneous wave equation, and their lin-
ear combinations are also solutions. Apparently, a desired
beam that is not a solution to the wave equation cannot
be represeted by such a linear superposition. However, one
can always design a limited diffraction beam that is the
“closest” to the desired beam within a finite aperture of
interest under some criterion. Because desired beams can
be arbitrary, numerous limited differaction beams can be
developed.

In this paper, a new method to construct limited diffrac-
tion beams is developed. In this method, limited diffrac-
tion beams discovered previously, such as, Bessel beams
[1]–[3] and X waves [18]–[23], are used as basis beams or
functions and their linear superpositions are used to rep-
resent new limited diffraction beams. To construct limited
diffraction beams of desired properties, model beams (de-
sired beams) are used. The “distance” between the con-
structed (designed) and desired beams is minimized un-
der the criterion of least-squares errors [35] within a finite
aperture of interest. With this criterion, coefficients of the
basis functions in the linear superpositions can be deter-
mined. To implement the method in a computer, both the
basis functions and the desired beams are digitized within
the finite aperture over a finite axial range. Nyquist sam-
pling rate [36] is satisfied in the digitization. A system of
linear equations is derived and its normal equation or the
standard singular value decomposition (SVD) [35] is used
to solve the unknown coefficients of the basis functions.
The solution of the equation automatically satisfies the
least-squares criterion. To test the method, several limited
diffraction beams known previously are used as desired
beams. Results show that the designed beams are virtually
identical to these beams. If desired beams are not solutions
to the wave equation, the designed beams are new lim-
ited diffraction beams that are similar in shapes to these
beams. This suggests that the method may be a powerful
and practical tool for developing new limited diffraction
beams of desired properties.

Hernandez et al. [37] also used the criterion of least-
squares error to construct beams. With the Huygen’s prin-
ciple [38], they produced beams that are linear superposi-
tions of spherical waves radiating from point sources. Un-
like the method proposed in this paper that uses limted
diffraction beams as bases, it is difficult to obtain limited
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diffraction beams with their method that uses spherical
waves as basis beams.

In this paper, the new method for designing limited
diffraction beams is reported in Section II. A few examples
are presented in Section III to demonstrate the efficacy of
the method. Finally, brief discussion and conclusion are
given in Sections IV and V, respectively.

II. Method

There are many ways to develop limited diffraction
beams [1],[2],[18],[24] and [28]. In this paper, a new one
that uses limited diffraction basis beams (functions) is de-
veloped. This method is more practical than the others
because it can adapt the properties of designed beams
to a desired model beam within a finite aperture of in-
terest. In the following discussion, the Bessel beams and
the X waves of various orders are used as basis beams
or functions to design monochromatic (single-frequency)
and polychromatic (multiple-frequency) limited diffraction
beams, respectively.

A. Limited Diffraction Basis Functions

From the isotropic/homogeneous scalar wave equation,
one obtains Bessel beams [1],[2] and [18]

ΦJn(~r, t) = ΦJn(r, φ, z − c1t)
= Jn(αr)einφeiβ(z−c1t), (n = 0, 1, 2, . . . ) , (1)

and X waves [18]

ΦXn(~r, t) = ΦXn(r, φ, z − c1t) = einφ
∞∫

0

B(k)Jn(kr sin ζ)

e−k[a0−i cos ζ(z−c1t)] dk, (n = 0, 1, 2, . . . ) ,
(2)

where ~r = (r, φ, z) represents a spatial point in the cyn-
lindrical coordinates, t is time, r is radial distance, φ is
polar angle, z is the axial distance, c1 is the phase velocity
(given by c1 = ω/β and c1 = c/ cos ζ for Bessel beams and
X waves, respectively), β =

√
k2 − α2 > 0 is the propaga-

tion constant of Bessel beams, k = ω/c is the wave num-
ber, ω is the angular frequency, c is the speed of sound
or light, α is the scaling parameter that determines the
mainlobe width of Bessel beams, ζ(0 ≤ ζ < π/2) is the
Axicon angle [39],[40] of X waves, Jn(·) is the nth-order
Bessel function of the first kind, B(k) is any well-behaved
function that could represent the transfer function of a
practical acoustic transducer or electromagnetic antenna,
and a0 is a constant that determines the fall-off speed of
the high-frequency components of X waves.

If B(k) = a0, from (2) one obtains the broadband X
waves [18]

ΦXBBn(r, φ, z − c1t) =

a0(r sin ζ)neinφ
√
M
(
τ +
√
M
)n , (n = 0, 1, 2, . . . ) , (3)

where the subscript BB means “broadband” and M =
(r sin ζ)2 + τ2, where τ = [a0 − i cos ζ(z − c1t)].

The above limited diffraction beams are exact solutions
to the wave equation. Theoretically, they have an infinite
depth of field because the variables z and t appear only in
the propagation term, z−c1t, in (1)–(3). In practice, these
beams can be closely approximated with a finite aperture
over a large depth of field [18]. Assuming that the diameter
of the aperture is D, the depth of field of the Bessel beams
(1) and the X waves (2) is given by [2],[18]

BZmax =
D

2
1√(

c1
c

)2 − 1
=
D

2

√(
k

α

)2

− 1 (4)

and [18]

XZmax =
D

2
1√(

c1
c

)2 − 1
=
D

2
cot ζ , (5)

respectively. Notice that the expression, D
2

1√
(c1/c)2−1

, is

common to both (4) and (5).

B. Designing Limited Diffraction Beams

In the following discussion the limited diffraction basis
functions in (1) or (2) will be used to design other lim-
ited diffraction beams. Given a desired function, ΦD(~r, t),
which may or may not be a solution to the wave equation,
one can design a limited diffraction beam,

Φ(r, φ, z − c1t) =
∞∑
n=0

AnΦn(r, φ, z − c1t) , (6)

that is a linear superposition of the limited diffraction ba-
sis functions and is the best approximation to the de-
sired function within the aperture, D, under the crite-
rion of least-squares error [35], where c1 is a constant
(phase velocity) for all basis functions (assume that all
the basis beams have the same depth of field (see (4) and
(5)), An are complex coefficients to be determined, and
Φn(r, φ, z − c1t) are basis functions in (1) or (2). Because
the basis beams in (1) or (2) have the same depth of field,
their linear superposition or the new beam (6) has also the
same depth of field (see (4) or (5)).

Because (6) is a limited diffraction beam, desired beams
should also be of the “limited diffraction” form ΦD(r, φ, z−
c1t), i.e., the variables, z and t, appear only in the propa-
gation term, z − c1t. With such desired beams, the above
least-squares problem can be formulated mathematically
as follows:

min
r ≤ D, 0 ≤ φ < 2π, and |z − c1t| ≤ dt

‖ΦD(r, φ, z − c1t)

−
∞∑
n=0

AnΦn(r, φ, z − c1t)‖2 , (7)
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Fig. 1. Design of the 4th (panels in the left column) and the 10th (panels in the right column) derivative bowtie Bessel beams with Bessel
basis functions. The desired and the designed beams are in the top and bottom rows, respectively. The absolute values of the transverse
components of the beams are shown. The size of each panel is 50 mm × 50 mm, and the scaling parameter, α, for both the bowtie Bessel
beams and the Bessel basis functions is 1202.45 m−1. The numbers of terms of the coefficients, Dn and En, are N and N − 1, respectively,
where N = 20. Notice that the beams are constructed only in a 50 mm diameter area.

where ‖ · ‖2 means L2 norm [35] and dt represents an axial
range beyond which the beams (pulses) have a small am-
plitude and are negligible. If both the basis beams and the
desired beams are monochromatic, the variable z and t can
be moved out of (7) and thus the condition, |z− c1t| ≤ dt,
can be removed. This will be explained later in this section.

C. Matrix Representation

To implement (7) with a system of linear equations of
finite number of unknowns, the number of the basis func-
tions in (7) must be truncated. In this case, (7) is given by

min
r ≤ D, 0 ≤ φ < 2π, and |z − c1t| ≤ dt

‖ΦD(r, φ, z − c1t)

−
N−1∑
n=0

AnΦn(r, φ, z − c1t)‖2 , (8)

where N ≥ 1 is an integer and is the number of terms of
the basis functions. (8) can be solved with the techniques
of the linear system of equations and can be written in
a matrix form (in the following, the bold fonts represent
matrices or vectors) [35]

Ax = b , (9)

where

A = [aij ] , (10)

aij = Φj(ri, φi, zi − c1t
i) {(i = 0, 1, . . . ,M − 1), (j =

0, 1, . . . , N − 1)} are the elements of the matrix,

x =


A0
A1
· · ·

AN−1

 (11)

is a vector variable that contains the unknown coefficients,
and

b =


ΦD(r0, φ0, z0 − c1t0)
ΦD(r1, φ1, z1 − c1t1)

· · ·
ΦD(rM−1, φM−1, zM−1 − c1tM−1)


(12)

represents the desired beam vector. The superscript of the
variables, r, φ, and z− c1t, represents a point in the space
and time, and M is the total number of such points (the
points are obtained from beams by digitizing within a finite
aperture in a finite axial range and the digitization satisfies
the Nyquist sampling rate [36]).

From (9), a normal equation can be constructed [35].
If the normal equation has a full rank, N , a solution that
satisfies (8) can be obtained [35]

x = (ATA)−1ATb , (13)

where the superscript, T , means transpose and “−1” rep-
resents matrix inversion. If the rank of the matrix, ATA, is
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not N , the standard singular value decomposition method
[35] can be used to solve (9)

x = V[diag(1/wj)](UTb) , (14)

where 1/wj is replaced with zero if wj = 0, U is an M ×
N column-orthogonal matrix (M ≥ N), W = [wj ] is an
N ×N diagonal matrix with positive or zero elements, V
is an N ×N orthogonal matrix, and A = U[diag(wj)]VT.
Solution (14) is also a least-squares solution to (9) or (8)
[35]. In addition, it has a minimum norm, min ‖x‖2 [35].

D. Simplification

Because M in the matrix A represents the total number
of voxels in the volume (r ≤ D, 0 ≤ φ < 2π, and |z − c1t| ≤
dt), the size of the matrix is usually very large. To reduce
the matrix size, in the following we assume that the desired
beams are monochromatic and can be expressed in the form

ΦD(r, φ, z − c1t) = ΦDT (r, φ)eiβ(z−c1t) , (15)

where c1 = ω/β is a constant, ΦDT (r, φ) are the trans-
verse components of the desired beams, and the subscript
T means “transverse.” In this case, the designed beams
can be constructed from the Bessel basis functions (1)

Φ(r, φ, z − c1t) =
N−1∑
n=0

AnΦJn(r, φ, z − c1t)

=

[
N−1∑
n=0

AnJn(αr)einφ
]
eiβ(z−c1t) .

(16)

The assumption in (15) will not lose generality because
multiple-frequency limited diffraction beams (pulses) can
always be constructed by a linear superposition (or in-
tegration) of Bessel beams in terms of frequency [18].
For example, to obtain the X wave basis functions (2),
one can integrate the Bessel basis functions (1) over the
wave number k with the following parameter substitutions:
α → k sin ζ and β → k cos ζ [18]. Furthermore, if we as-
sume that ΦDT (r, φ) is real, the complex coefficients An
can be replaced with real coefficients, Dn and En, and (16)
becomes

Φ(r, φ, z − c1t) = [D0J0(αr) +
N−1∑
n=1

DnJn(αr) cosnφ

+
N−1∑
n=1

EnJn(αr) sinnφ]ei(βz−ωt) ,
(17)

where we have proved that the new basis functions,
Jn(αr)

{
cosnφ
sinnφ

}
ei(βz−ωt), (n = 0, 1, 2, . . . ), are still exact

limited diffraction solutions to the wave equation [33].
From (15) and (17), the matrix and vectors in (9) can

be simplified

A = [aij ] , (18)

x =



D0
D1
· · ·

DN−1
E1
E2
· · ·

eN−1


, (19)

and

b =


ΦDT (r0, φ0)
ΦDT (r1, φ1)

· · ·
ΦDT (rM−1, φM−1)

 , (20)

where A is an M × (2N − 1) matrix, aij =
Jj(αri) cos jφi {(i = 0, 1, . . . ,M − 1), (j = 0, 1, . . . , N −
1)} and aij = Jj−N+1(αri) sin(j − N + 1)φi {(i =
0, 1, . . . ,M − 1), (j = N,N + 1, . . . , 2N − 2)} are the ele-
ments of the matrix, x is a (2N−1)×1 vector variable, and
b is an M×1 vector for a desired transverse beam pattern.
The solution (13) or (14) with the matrix and vectors in
(18)–(20) satisfies the following least-squares formula

min
r ≤ D, 0 ≤ φ < 2π

‖ΦDT (r, φ)− [D0J0(αr)

+
N−1∑
n=1

DnJn(αr) cosnφ+
N−1∑
n=1

EnJn(αr) sinnφ‖2 ,(21)

which does not include the variables z and t. (21) will be
the equation for designing the limited diffraction beams in
the next section.

III. Results

With (21), one can design limited diffraction beams that
are the “closest” to the desired monochromatic beams (15)
in a finite aperture of interest. Multiple-frequency limited
diffraction beams can then be obtained by an integration
over k (see (2)) [18]. Therefore, in the following discussion,
only examples for constructions of monochromatic limited
diffraction beams will be given.

A. Bowtie Bessel Beams

Bowtie Bessel beams and X waves are limited diffrac-
tion beams developed recently (see theory [24], simulations
[24], and experiment [25]). These beams were obtained by
taking derivatives of (1) and (2), respectively, for n = 0
along one transverse direction, say y [24], i.e.,

∂m

∂ym
ΦJo(r, φ, z − c1t) (22)

and

∂m

∂ym
ΦX0(r, φ, z − c1t) , (23)
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Fig. 2. Line plots of the 4th (panels in the left column) and the 10th (panels in the right column) derivative bowtie Bessel beams in Fig. 1
along the x(φ = 0◦) (panels in the middle row) and the y(φ = 90◦) (panels in the bottom row) axes. The designed and the desired beams
are represented by full and dotted lines, respectively. These lines virtually overlap with each other although the number of terms of the
Bessel basis functions used in the construction is small (N = 20). The coefficients Dn (full lines with square points) and En (dotted lines
with diamond points) are shown in the panels of the top row. Because Dn and En are negligible for N ≥ 9, the number of terms of the
Bessel basis functions can be smaller. The lateral axes of the panels in the bottom two rows are from −25 to 25 mm, and the vertical axes of
these panels are normalized to 1.0. The lateral axes of the plots in the top row represent the index, n, and the vertical axes are normalized
from −1 to 1.

where m is a nonnegative, even integer. With bowtie
beams, sidelobes of pulse-echo systems could be reduced
dramatically when these beams are used in transmit and
their 90◦ rotated (around the z axis) responses are used in
receive [24].

The absolute values of the bowtie Bessel beams (22) in
a transverse plane with m = 4 and 10 at z = c1t are shown
in Fig. 1 in the top panels from left to right, respectively.
These beams are called the 4th and 10th derivative bowtie
Bessel beams, respectively, and their scaling parameter, α,
is 1202.45 m−1. In the following discussion, we assume that
this scaling parameter is used for all Bessel basis functions
(1) to design limited diffraction beams. In this case, the
depth of field of designed beams will be about 216 mm

(see (4) and (5)) for a 50 mm diameter aperture and a
central frequency of 2.5 MHz. The absolute values of the
bowtie X waves in (23) are shown in Fig. 1 of [24].

When the 4th and 10th derivative bowtie Bessel beams
are used as desired beams, limited diffraction beams de-
signed with the least-squares formula (21) are virtually
identical to the desired beams (see the panels in the bot-
tom row of Fig. 1), although the number of terms of the
Bessel basis functions (1) is small (N = 20). To show the
details of the desired and designed beams, line plots along
two axes, x(φ = 0◦) and y(φ = 90◦), of these beams
are shown in Fig. 2. The coefficients Dn and En (nor-
malized to their maxima), used to construct the beams in
(21), are also shown. In fact, if m = 10, (22) is given by:
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Fig. 3. This figure has the same format as Fig. 1 except that it is for the design of the 4th (panels in the left column) and 10th (panels in
the right column) derivative Bessel array beams with Bessel basis functions. The parameters, α and N are also the same as those of the
beams in Fig. 1.

−α10[126J0(αr) + 210J2(αr) cos 2φ + 120J4(αr) cos 4φ +
45J6(αr) cos 6φ+ 10J8(αr) cos 8φ+ J10(αr) cos 10φ]/512.

B. Bessel Array Beams

Bessel array beams consist of multiple parallel beams.
They were developed recently [26] and could be used
for real-time volumetric imaging [41],[42]. This is because
when these beams are used in transmit, multiple dynami-
cally focused received beams can be formed simultaneously
to increase image frame rate. Bessel array beams were de-
rived by taking derivatives of the zeroth-order Bessel beam
(1) along both x and y axes [26]

∂2m

∂xmym
ΦJ0(r, φ, z − c1t) , (24)

where m is a nonnegative even integer. These beams are
also exact limited diffraction solutions to the wave equa-
tion [24],[26].

With m = 4 and 10, one obtains the 4th and 10th
derivative Bessel array beams, respectively. The absolute
values of these beams are shown in the panels of the top
row of Fig. 3. Beams designed with (21) are shown in the
panels of the bottom row. They are very close to the de-
sired beams in the top row. Line plots of the beams in
Fig. 3 along φ = 0 and 45◦ are shown in Fig. 4. The num-
ber of terms used in the construction is the same as that
of Fig. 1 (N = 20).

C. Grid Array Beams

Grid array beams [26] are limited diffraction beams
that contain more parallel beams than Bessel array beams.
Therefore, they could achieve higher imaging frame rate
because more receive beams can be formed simultaneously.
These beams were derived from a general limited diffrac-
tion solution developed in [18] and they are given by [26]

ΦG(x, y, z − c1t) = cos kxx cos kyyeikz(z−c1t) ,
(25)

where the subscript G represents “grid,” kx and ky are
scaling parameters in the x and y directions, respectively,
kz =

√
k2 − k2

x − k2
y > 0 is a propagation constant, and

c1 = c
√

1 + (k2
x + k2

y)/k2
z = ω/kz.

The absolute values of a grid array beam with kx =
ky = 850.45 m−1 are shown in the left panel of Fig. 5. This
beam is used as a desired beam in (9) and (21) for construc-
tion. The designed beam is shown in the right panel of Fig.
5. The number of terms of the basis functions (N = 50)
in the construction is larger than that in the previous ex-
amples. Line plots of both the desired and designed beams
along two angles, φ = 0◦ and 45◦, are shown in Fig. 6
where we see that the two beams are virtually identical.
Notice that with the parameters, kx = ky = 850.45 m−1,
c1 in (25) is about the same as that of the Bessel basis
beams for the same wave number, k.
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Fig. 4. Line plots of the 4th (panels in the left column) and the 10th (panels in the right column) derivative Bessel array beams in Fig. 3
along the x(φ = 0◦) (panels in the middle row) and the diagonal (φ = 45◦) (panels in the bottom row) axes. This figure has the same format
as Fig. 2. The non-smoothness of the line plots along the diagonal axis is caused by the nearest-neighbor interpolations from the retangular
coordinates.

D. Layered Array Beams

Layered array beams are limited diffraction beams com-
posed of parallel beam layers of equal thickness [26]

ΦL(x, z − c1t) = cos kxxeikz(z−c1t) , (26)

where the subscript L means “layered,” kx is a scaling
parameter in the x direction, kz =

√
k2 − k2

x > 0 is a
propagation constant, and c1 = c

√
1 + k2

x/k
2
z = ω/kz.

Layered array beams [26] can be used for the measure-
ment of the transverse component of blood flow velocity
[11],[43]. Because the beams have a spatial frequency of kx
in the x direction, the velocity component of blood flow
along this direction will cause a spatial modulation of the
backscattered signals. The Fourier transform of the signals
will produce two peaks on the boundaries of the spectrum.
From the distance between the peaks (bandwidth), trans-

verse velocity of blood flow can be determined. This is use-
ful for measuring velocities of blood flow in vessels (such as
the carotid artery) that run in parallel with the skin with-
out using a wedge stand. Because of the peaks, the band-
width of the spectrum can be accurately determined even
in a noisy environment and when the beams are not strictly
monochromatic and the sampling time is limited. This is
an advantage as compared to using a conventional focused
piston beam, whose spectrum of the backscattered signals
from the focal region has a triangular shape (out of focus,
the shape may change) and thus the bandwidth is difficult
to determine when there is noise [43]. In addition, because
layered array beams are limited diffraction beams, in the-
ory, their spectrum shapes are depth-independent. Appli-
cation of Bessel beams to the measurement of transverse
velocity can also improve the accuracy in a noisy environ-
ment because their spectra have shoulders at boundaries.
However, the shoulders become smoothed when the beams
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Fig. 5. Design of a grid array beam with Bessel basis functions. The desired beams and the designed beams are on the left and right panels
respectively. The absolute values of the transverse components of the beams are shown. The size of each panel is 50 mm × 50 mm. The
scaling parameters of the grid array beam are kx = ky = 850.45 m−1, and the scaling parameter of the Bessel basis functions is 1202.45
m−1. The number of terms of the Bessel basis functions is increased from that in Figs. 1 and 3 (N = 50). Notice that the beams are
constructed only in a 50 mm diameter area.

are not exactly monochromatic or the sampling time is
limited [11].

The absolute values of a layered array beam in (26)
are shown in the upper left panel of Fig. 7. To show how
to design limited diffraction beams that are the best ap-
proximations to the arbitrary designed beams that are not
solutions to the wave equation, layered array beams are
modified by multiplying the following step

u(y) =

{
1, y ≥ 0
0, Otherwise

(27)

and strip

p(y) =

{
1, |y| ≤ D/12
0, Otherwise

(28)

functions, where D = 50 mm is the diameter of the aper-
ture. The results are shown in the middle and right pan-
els, respectively, of the top row of Fig. 7. Apparently, the
modified layer-array beams (also called the step and strip
layer-array beams, respectively) are not solutions to the
wave equation because any derivative of these beams at
the discontinuities within the aperture in the y direction
is infinity.

Using the layered array beam and the modified layer-
array beams as desired beams, limited diffraction beams
that correspond to these beams can be constructed. The
results are shown in the panels of the bottom row of Fig.
7, where N = 50, kx = 1202.45 m−1, and the scaling pa-
rameter of the Bessel basis functions α = 1202.45 m−1

(with these parameters, kz ≡ β). It is seen that for the
layered array beam (panels in the left column of Fig. 7),

the desired and the designed beams are virtually identical.
For layered array beams modified with (27) and (28), the
designed beams are similar in shape to the desired beams,
but they are not identical. This is because the modified
layer-array beams are not limited diffraction solutions to
the wave equation, and the designed beams must be. How-
ever, the designed beams are the best approximations to
the desired beams within the 50 mm diameter aperture, in
the sense of the least-squares error defined by (21).

For the desired beams that are the modified layer-array
beams, the designed beams are difficult to obtain with
methods other than the one developed in this paper. The
designed beam corresponding to the layered array beam
modified by the step function (27) is very unsymmetrical
and is not intuitive to be recognized as a limited diffraction
beam having a large depth of field (about 216 mm when
produced with a 50 mm diameter and 2.5 MHz central
frequency radiator).

Line plots of the layered array beams in Fig. 7 are shown
in Fig. 8. The coefficients used in the designs, Dn and
En, are also shown. Observe that if the desired beam is
a step layer-array beam, most of the coefficients En(n =
1, 2, . . . , N−1) of the designed beam (unsymmetrical) are
nonzero.

IV. Discussion

A new method for designing limited diffraction beams
with the least-squares [35] formulas ((8) or (21)) has been
developed. This method uses basis functions that are exact
limited diffraction solutions to the isotropic/homogeneous
scalar wave equation [18]. The basis functions have been
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Fig. 6. Line plots of the grid array beams in Fig. 5 along the x(φ = 0◦)
(Panel (2)) and the diagonal (φ = 45◦) (Panel (3)) axes. This figure
has the same format as either the left or right column of Fig. 2. The
reason for the non-smoothness of the curves in Panel (3) is the same
as that in Fig. 4.

studied extensively in both theory and experiment in the
past few years and their properties are well understood
[4],[18],[19], and [33]. With the method, a number of newly
developed limited diffraction beams such as bowtie Bessel
beams [24],[25], Bessel array beams [26], grid array beams
[26], and layered array beams [26] are constructed. Even if
the desired beams are not solutions to the wave equation,
the constructed limited diffraction beams are similar in
shapes to the desired beams. Below, we briefly discuss the
properties of the new method.

A. Resolution

The lateral resolution of designed limited diffraction
beams is determined by that of the basis beams (assume
that the scaling parameter α or ζ is the same for all basis
beams). To obtain a good construction, the lateral res-
olutions of designed beams and desired beams should be
adjusted to match with each other. For the examples given
in the last section, the resolution of the desired beam is
matched to that of the designed beam by choosing proper
parameters, such as kx, ky, and α.

If the scaling parameters are different for the basis
beams, designed beams are no longer limited diffraction
beams. For example, a linear combination of two Bessel

beams of the scaling parameters of α1 and α2, respectively,
will be a self-constructing beam that reappears at axial
distances that satisfy the condition, β1(z− c1t) = (β2(z−
c2t)± 2nπ, where n is an integer, and β1 =

√
k2 − α2

1 and
β2 =

√
k2 − α2

2 are propagation constants. In this case, the
highest lateral resolution of designed beams is determined
by the basis beam that has the largest scaling parameter.
Notice that at the distances where the beams repeat their
patterns at z = 0, sidelobes of the designed beams may be
lower than those of the individual basis beams.

B. Sidelobes

Sometimes, desired beams such as bowtie Bessel beams
and X waves [24],[25] may have very low sidelobes in some
part of the aperture. In general, to improve constructions
of such desired beams, a weighted least-squares formula
[44] could be used to emphasize the small differences be-
tween the low-sidelobe parts of the designed and desired
beams

min ‖A′x− b′‖2 , (29)

where A′ = fA, and b′ = fb, and where f = {fj} is an
M ×M diagonal weighting matrix.

Although beams of low sidelobes are desirable in med-
ical pulse-echo (B-scan) imaging, beams that have high
sidelobes may also be useful. In applications such as real-
time volumetric imaging and measurement of transverse
blood flow velocity, high-sidelobe beams such as Bessel ar-
ray beams, grid array beams, and layered array beams
could be used [26].

C. Depth of Field

The depth of field of the limited diffraction basis beams
in (1) and (2) is given by (4) and (5), respectively. For a
given central frequency or wave number k and diameter of
aperture D, the depth of field is a function of the phase
velocity, c1.

If the depth of field of all basis beams in (1) or (2) is the
same, the designed beams (6) also have the same depth of
field. In this case, the depth of field of the designed beams
is controllable (this is the case for the examples in the
previous section).

If a desired beam has fine structures (high lateral reso-
lution), the parameters of the basis beams should be ad-
justed to match these structures. This means the scaling
parameters of the basis functions are larger, or the depth
of field ((4) and (5)) is small. This trade-off between lateral
resolution and depth of field is similar to that of conven-
tional focused beams.

D. Number of Terms of Basis Functions

In general, the number of terms, N , of the basis func-
tions should be ∞ as shown in (7). In practice, we are
only interested in constructing limited diffraction beams
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Fig. 7. Line plots of the 4th (panels in the left column) and the 10th (panels in the right column) derivative Bessel array beams in Fig. 3
along the x(φ = 0◦) (panels in the middle row) and the diagonal (φ = 45◦) (panels in the bottom row) axes. This figure has the same
format as Fig. 2. The non-smoothness of the line plots along the diagonal axis is caused by the nearest-neighbor interpolations from the
rectangular coordinates.

in a finite aperture. This means that a finite N is suffi-
cient. This is because as N increases, the order of Bessel
functions also increases. Higher-order Bessel functions are
close to zero within a finite aperture and thus have little
contribution to designed beams.
E. Selection of Desired Beams

In principle, arbitrary beams can be chosen as desired
beams. However, one should use the desired beams whose
features are the closest to those of the basis beams to ob-
tain a good construction. For example, the desired beams
should at least be “limited diffraction” (explicit functions
of z − c1t). If the basis functions are Bessel beams (1),
the desired beams should be of the form (monochrome)
(15), ΦDT (r, φ)eiβ(z−c1t), where c1 should be the same as
that of the Bessel bases. With the modified Bessel basis
beams [33] (see (17)), ΦDT (r, φ) should be real. One prac-
tical way to obtain desired beams would start with limited
diffraction beams known previously and then modify from
them. Examples were given in the last section where the
modified layer-array beams were used as desired beams.

F. Relationship to Basis Beams

If desired beams are limited diffraction beams known
previously, the least-squares method developed in this pa-
per actually decomposes these beams into limited diffrac-

tion bases. This establishes relationships between the lim-
ited diffraction beams and limited diffraction basis beams.
In addition, limited diffraction basis beams can be calcu-
lated with the Fresnel approximation (see Appendix B of
[33]). This simplifies computer simulations of some lim-
ited diffraction beams such as the bowtie beams in (22)
and (23).

G. Complex Waves

If the transverse component of the desired beams in (15)
is complex, the Bessel basis beams in (1) should be used.
In this case, beams are constructed with (8) and (9) where
the coefficients, An(n = 0, 1, . . . , N − 1), are complex.

H. More Beams

Limited diffraction beams of the shape of the step layer-
array beam and the strip layer-array beam (Fig. 7) are
difficult to obtain by directly solving the wave equation.
With the method developed in this paper, we are able to
obtain them. Therefore, more limited diffraction beams
that might have practical usefulness can be constructed
this way. Another advantage of this method is that the
designed beams have simple analytic expressions and may
be easier to calculate. This is the case for both higher-order
bowtie Bessel beams [24] (Fig. 1) and Bessel array beams
[26] (Fig. 3).
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Fig. 8. Line plots of the layered array beams without modification (panels in the left column), modified with a step function (panels in the
middle column), and modified with a strip function (panels in the right column) in Fig. 7 along the x(φ = 0◦) (panels in the middle row)
and the diagonal (φ = 45◦) (panels in the bottom row) axes. This figure has the same format as Fig. 2 except that there is one more column.
The reason for the non-smoothness of the curves in the panels of the bottom row is the same as that in Fig. 4.
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V. Conclusion

A new method has been developed to design limited
diffraction beams that are the closest to desired functions
within an aperture of interest in the sense of least-squares
error. The method is applied to desired functions that are
limited diffraction beams and beams modified from them.
The constructed limited diffraction beams are virtually
identical to the desired beams when the desired beams
are limited diffraction beams. If the desired beams are
not limited diffraction beams or not solutions to the wave
equation, the designed limited diffraction beams are still
similar in shape to the desired beams. This suggests that
the method developed in this paper is a robust and pow-
erful tool for obtaining new limited diffraction beams that
might have practical usefulness.
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