Higher-order harmonics of limited diffraction Bessel beams
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We investigate theoretically the nonlinear propagation of the limited diffraction Bessel beam in
nonlinear media, under the successive approximation of the KZK equation. The result shows that the
nth-order harmonic of the Bessel beam, like its fundamental component, is radially limited
diffracting, and that the main beamwidth of thth-order harmonic is exactly dimes that of the
fundamental. ©2000 Acoustical Society of Amerid&0001-496600)00503-§

PACS numbers: 43.25.JMFH]

INTRODUCTION the perturbation method, we obtain the solution for the fun-

. ) damental component of waves in terms of dimensionless
Bessel beams were first developed in 1941 by StrattoR,riapled?

and were named undistorted progressive wavesthe past 5 o )
decade, both Bessel beams and a more general type of bewg )= 3 fw exp(i £+¢ J (255 )3(5')5' de’
called X wave have been widely investigated in the fields of &7 inJo 7 o 5 ' '
acoustics and optics® Theoretically, al, Bessel bean(the (on]
lowest-order Bessel beanwith an infinite aperture has a and the solution for theth-order harmonic component
beam profile of theerath-order Bessel function of the first
kind in the transverse plane and can travel to an infinite __ _
distance without changing its beam profile and amplitude. An(&,7) = ,Zl Gnim( €, 7), (2a)
Numerical simulations and experiments show that even when

produced with a finite aperture, this beam has a very larg¥/here

depth of field where the beam profile approximately main- nZ (n» % I
tains aJ, Bessel function distribution. Because of these Qn|m(§,77)=§f, f, 7
properties, the Bessel beam may have many potential w=0l¢' =077
applications’® such as ultrasonic imaging. It may also be in(&2+¢'?) 2nég’
applied to harmonic imaging developed recertly~°In ad- Xexp{ - ) 0( - 7/)
dition, the dispersion feature of tlly beam has been dem-

n—-1

onstrated to be applicable in nonlinear optics, where this Xqi (& " )am(€', n")d¢E dn’, (2b)
beam can Obe viewed as a light beam with a tunableandn=1+m. [Notice that in Eq.(2a we have ignored the
wavelength. production of lower harmonics from higher harmonics be-

In previous work, we studied theoretically the secondcause the pressure amplitude of tha-1)th-order har-

harmonic generation of the Bessel beaAnalysis indicates  monic is assumed to be much smaller than that ofrttie

that the second harmonic of this beam is limited diffractinggrder harmonid.In these equationg=r/a and 77:22/ka2

in the radial direction and the main beamwidth of the secondyre the radial and axial dimensionless coordinatese!/c,

harmonic is equal to one-half of that of the fundamentalandc is the speed of sound of medium. Correspondingly, the

component in the Bessel field. In this paper, we investigate aotationsr and z denote the radial and axial coordinates.

more general case. It will be shown that forJa Bessel q;(¢’) is the distribution function of the sound beam on the

beam, the harmonic of an orderis also radiaIIy limited p|ane n= 0. Equa‘[ions(l) and (2) can be viewed as the

diffracting and its main beamwidth is exactlynltimes that  complex-valued pressure amplitudes in a dimensionless form

of the fundamental component. for the fundamental andth-order harmonic components, re-
spectively. These solutions are derived under the conditions
that the Mach numbes<1 and ka)?>1.

Assume that thd, beam with a scaling parameterhas
I. THEORY AND RESULTS the form

Assuming that an axial-symmetric source, with an angu-  0;(£')=Jg(&’) ()

lar frequencyw and a characteristic radiws oscillates har- o+ the source. In previous wdrit has been shown that the
monically in time and that the sound absorption of the mey,,qamental component of this beam is given by

dium can be neglected(in attenuating medium, an _
exponential decay of the fundamental may ogctrom the — _ Y

KZK (Khokhlov—Zabolotskaya—Kuznetspgquatior** and (&)= Jdo(a)exy =7z an), @
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and the second harmonic under an asymptotic condition ia®\%y
(a?7 is sufficiently largé can be expressed as Qnim( &, 7) = 5 f . OJ O(Aag)exy{ an )
ol 374 i a2 » \2
Guem =2 g dozatrnex| - 5] <ot o[ Xn] [y 20y v
(12)

In the following, we will derive a more general case that the
nth-order harmonic component of the Bessel beam has theormally, the integral abouy’ in the equation above can be
Jo(naé) function distribution in the radial distance. From expressed in terms of the incomplete Gamma function
Egs. (4) and (5), we can assume in general that under theP(a,z), which is defined by formula 6.5.1 from Ref. 12. We
asymptotic condition ¢ is sufficiently large thelth- and  then obtain

mth-order harmonics of the Bessel beam are given by

2i ina? /2
Qoim(€7) = —'exp( L) [T ssnapn e

il =
Q& m=Ado(laf) n('_l)’zeXP(—Zazn) (6)
n\ (n
Xexr(bn)F(—) P(—,bn)dt, (13)
and 2 2
, with b=ia?(Im/n)cost and the transformed variable
T & 7) = Ando(maé) pm=172 ex;{ _ ﬂazn)' 7) =t’/2. In order to analyze Eq13), we concentrate on the
4 function
respectively. From Eq2b), it follows that (notice thatf,, 2 nmn
is different fromq,,, by a constant fa(t)=b""expba)I 2 P 2 b7 ). (14

Note that this function resembles functigii) of Ref. 7, and

Unm(& 7)) = f f its real and imaginary parts are extremely similar to the delta
=oJg=o 77’ function under the asymptotic condition mentioned above.
in(&2+¢'2) 2ngE T_h_erefo_re, Eq(13) can be approximated well under this con-
xXex 7 of =7 dition with
i3mw/4 H 2
X Jo(lag’) Jo(mag’) Anim(€,m) = ji 2 GX% - mj 77)
TN
in r(nf2)—1 ’ ’
X ex —Za 7' |y dé'dn'. (8) n
X Jo(na) 77<”—1>/2\/ﬁ. (15)

To simplify, we change Eq8) first to a triple integral ) _
From Egs.(2) and(15), one obtains thath-order harmonic

R 1 (» o ™ & component of the Bessel beam
qnlm(fa”):;J' f f 7 .
2 =0l¢=0lt'=0 7— 17 Tt = A Jo(nad) (””’Zex;{ in ) 16
)= ag)n ———an|.
in(¢*+¢?)) | (2neg’ " o 4
ex n—n' O p—7n The coefficientA, is given by the following recursive rela-
in tionship[obtained by inserting both Eq&l6) and (15) into
XJO()\ag’)eX[{—Zazn') Eq. (23]
\/—eisﬁmﬂ 1 \/T
r(nf2)—1 ’ ’ ’
X7 d¢’ dy’ dt, 9 - 2 AAn\im (17)
where\ = (124+m?2—2Im cost’)? and the formula Let
- PRELT n-1
7Io(X)Jo(X) = J Jo[(X2+x2—2Xxcost)*?]dt  (10) An=1n Chn, (18
0 4\/;01
has been used. Applying the following from Eq. (17), we have
n—-1 n—1
| “aavagpves it Co= %, CiCm 0f Co= 2y CCroy, 19
0

| | 1 whereC,, is the Catalan number. The first two terms@f
2 — 20,20 2 - -2 are given byC,=1 andC,=1, and generally

57 exr{+47 (a +,3)}]o<20,3’}’ ) 13

_1<2n—2>
==

n—1 (20

we have
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Finally, the nth-order harmonic component of the BesselBessel fundamental beam is extended into infinity. Accord-

beam can be expressed by ingly, the depth of field of amth-order harmonic, as pre-
(3774 )\ N—1 o dicted by Eq.(21), is also infinite. In practical applications,

qQu(&,m) = Jne, | — exp{ _ Mne” 77) however, the aperture sizes of beams are always finite. With
e "\ 4ma 4 a finite aperture, the depth of fiélti of a Bessel beam is

(n-1)12 finite, and is a function of the scaling parameter, the aperture
X Jo(nag) n : (21 radius, and the wavelength of the beam. Within the depth of
Notice that Eq.(21) is obtained by assuming the interaction field, the property of the fundamental Bessel beam can still
of nonlinear components in the nearfiled is negligible so thabe characterized by E¢4) and the same may also be true for
the asymptotic results in Eq) and(7) can be inserted into  the nth-order harmonid Eq. (21)] of the Bessel beam but

Eq. (2) to get Eq.(8). with a beamwidth that i1 times smaller than that of the
fundamental. This has been verified numerically in the case
Il. DISCUSSION of the second harmonft.

Finally, our analysis has ignored the attenuation of
sound in media. Although this has little influence on the
radial distribution of sound beams, it leads to an exponential
decay of the amplitudes in axial direction. In medical appli-
cations, higher harmonics have a higher attenuation that may
fibnit the depth of penetration. A further theoretical and ex-
perimental study will be conducted for the higher harmonics
ein attenuating media.

From Eg.(21), we see that under the asymptotic condi-
tion (a?7 is sufficiently largé the nth-order harmonic of the
Bessel beam is radially limited diffracting and its beamwidth
is exactly 1h times that of the fundamental. Many advan-
tages of the Bessel fundamental beam have been demo
strated in the fields of ultrasonic imaging and tissue
characterizatiori®> Here we point out an additional advan-
tage of this beam when it is applied to harmonic imaging du
to the nonlinearity of medi&:® It is known theoretically and

. . : IIl. CONCLUSION
experimentally that for conventional ultrasonic beaffes
cused or ngt the beamwidth of the nonlinearly generated ~ We have obtained a theoretical expression of an
nth-order harmonic is generally i times that of the nth-order harmonic component of the Bessel beam. The re-
fundamentat®* The present analysis indicates that in ultra- sult shows that anth-order harmonic of the Bessel beam is
sonic imaging due to the signal of theth-order harmonic also limited diffracting in the radial direction and the main
component, higher resolution can be obtained by using thbeamwidth is exactly /times that of the fundamental com-
Bessel beam rather than conventional beams that have tip@nent.
same resolution at the fundamental frequency. It should be
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