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Extended High-Frame Rate Imaging Method
with Limited-Diﬀraction Beams
Jiqi Cheng and Jian-yu Lu, Senior Member, IEEE
Abstract—Fast three-dimensional (3-D) ultrasound imaging is a technical challenge. Previously, a high-frame rate
(HFR) imaging theory was developed in which a pulsed
plane wave was used in transmission, and limited-diﬀraction
array beam weightings were applied to received echo signals
to produce a spatial Fourier transform of object function
for 3-D image reconstruction. In this paper, the theory is
extended to include explicitly various transmission schemes
such as multiple limited-diﬀraction array beams and steered
plane waves. A relationship between the limited-diﬀraction
array beam weighting of received echo signals and a 2-D
Fourier transform of the same signals over a transducer
aperture is established. To verify the extended theory, computer simulations, in vitro experiments on phantoms, and in
vivo experiments on the human kidney and heart were performed. Results show that image resolution and contrast
are increased over a large ﬁeld of view as more and more
limited-diﬀraction array beams with diﬀerent parameters
or plane waves steered at diﬀerent angles are used in transmissions. Thus, the method provides a continuous compromise between image quality and image frame rate that is
inversely proportional to the number of transmissions used
to obtain a single frame of image. From both simulations
and experiments, the extended theory holds a great promise
for future HFR 3-D imaging.

I. Introduction

A

single-frequency beam with a Bessel transverse proﬁle was developed by Stratton and termed “undistorted progressive wave” [1]. Forty-six years later, Durnin
[2] and Durnin et al. [3] studied the Bessel beam again and
termed the beam “nondiﬀracting beam” or “diﬀractionfree beam”. Because Durnin’s terminologies are controversial in the scientiﬁc community and practical beams will
eventually diﬀract, we termed the propagation-invariant
beams or waves “limited diﬀraction beams” [4]. The advantage of limited diﬀraction beams is that, even if they
are produced with ﬁnite aperture and energy, they have
a very large depth of ﬁeld. Because of this property, limited diﬀraction beams and other related beams are extensively studied by many researchers [5]–[48]. One class of
limited diﬀraction beams is called X wave [44], [45] and has
been investigated by many physicists [49]–[56]. Recently,
X waves have been applied to nonlinear optics; and, due to
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their importance, they were reported in the “Search and
Discovery” column of [57].
From limited diﬀraction beam studies, a high-frame rate
imaging theory was developed in 1997 [27], [28] in which a
pulsed plane wave was used in transmission, and limiteddiﬀraction array beam weightings were applied to received
echo signals to produce a spatial Fourier transform of object function for 3-D image reconstruction. Because one
transmission can be used to reconstruct an image, high
image frame rate can be achieved. In addition, because
Fourier transform can be implemented with a fast Fourier
transform (FFT) that is computationally eﬃcient, simpler
imaging systems could be constructed to implement the
method. High-frame rate imaging is important for imaging of fast moving objects such as the heart, especially, in
3-D imaging in which many 2-D image frames are needed
to form a 3-D volume that may reduce image frame rate
dramatically with conventional imaging methods. Because
of the importance of the high-frame rate imaging method,
it was noted as one of the predictions of the 21st century
medical ultrasonics [58]. Furthermore, the use of steered
plane waves in transmissions to increase image ﬁeld of
view and reduce speckle noises [27], [28], [59], [60] or the
use of limited-diﬀraction array beams in transmission to
increase ﬁeld of view and spatial Fourier domain coverage to increase image resolution [26]–[28] was suggested.
Images reconstructed with diﬀerent steering angles can be
combined with a coherent (enhancing resolution) or incoherent superposition (reducing speckles) [27], [28]. To
increase ﬁeld of view, a method using a spherical wave
transmission followed by Fourier transformation for image
reconstruction also has been proposed [14]. Although the
method may maintain a high-frame rate at a large ﬁeld of
view due to the divergence nature of spherical waves, it
may lower signal-to-noise ratio (SNR) and reduce computation eﬃciency as compared to the high-frame rate imaging method.
In this paper, the theory of high-frame rate imaging
[27], [28] is extended to include explicitly various transmission schemes such as multiple limited-diﬀraction array
beams and steered plane waves [61], [62] (the ﬁrst report
was given in [61]). The extended theory includes the earlier
suggestions of using these transmission schemes [26]–[28].
In addition, limited-diﬀraction array beam weightings of
received echo signals over a 2-D transducer aperture are
proved to be the same as a 2-D Fourier transform of these
signals over the same aperture [61], [62]. To verify the extended theory, computer simulations, in vitro experiments
on phantoms, and in vivo experiments on the human kid-
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ney and heart are performed. Results show that image
resolution and contrast are increased over a large ﬁeld of
view as more and more limited-diﬀraction array beams
with diﬀerent parameters or plane waves steered at diﬀerent angles are transmitted. Thus, the method provides a
continuous compromise between image quality and image
frame rate that is inversely proportional to the number of
transmissions used in a single frame of image. This is useful because in some applications, such as imaging of liver
and kidney in which high-frame rate imaging is not crucial, high quality images can be obtained at the expense
of image-frame rate.
It is worth noting that there are advantages [62] for
using limited-diﬀraction array beam transmissions [26]–
[28] as compared to using multiple plane waves steered
at diﬀerent angles. Limited-diﬀraction array beam transmissions can be produced with an amplitude weighting of
transducer aperture (no need of any time or phase delay)
[62]. This potentially allows a single or a few transmitters
to excite transducer elements of diﬀerent weighting amplitudes at the same time and greatly simplifying imaging
systems, especially in 3-D imaging in which over 10,000
independent, linear high-voltage, high-power transmitters
otherwise may be required in some applications [62]. Because all elements of the transducer are excited at the
same time for limited diﬀraction beams, dead zones due
to strong ringing or interelement interferences of transmission pulses are reduced. In addition, a limited-diﬀraction
array beam weighting acts as a diﬀraction grating in which
a lower frequency component is steered at a larger angle
than a higher frequency one. This may help to increase
image ﬁeld of view with a broadband transducer though it
may be at the expenses of reduced energy density that may
lower SNR. The other advantage is that limited-diﬀraction
array beam in transmission could be used to obtain the
transverse component of ﬂow velocity [29], [37]. The disadvantage may be that, due to aperture weighting, the total
transmission energy may be reduced by half in addition to
the diﬀraction grating eﬀects in some cases.
The theory of high-frame rate imaging and its extension have connections to many previous studies in which
Fourier transform also was used for ultrasonic imaging in
the past two decades. However, the previous studies are
not aimed at increasing the frame rate of conventional Bmode images. For example, Norton and Linzer [63] and
Nagai [64], [65] have developed a Fourier-domain reconstruction method for synthetic focusing by solving the inverse scattering problem. A point source was used to transmit a broadband spherical wave over any given geometrical surfaces. The 2-D or 3-D images are reconstructed using Fourier transformation. Apparently, the imaging process is slow. Soumekh [66] has developed a Fourier-based
method using a ﬁxed focus transmission and reception (cofocal) approach. This method requires multiple transmissions to cover the Fourier space of object function and
thus is slow. Another method of Soumekh [67] used a
plane wave steered at diﬀerent angles to form a line of
data in the Fourier space. Unfortunately, this method also
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requires a large number of transmissions to reconstruct a
frame of image. Ylitalo and Ermert [68] and Ylitalo [69]
suggested a narrow-band imaging method based on ultrasound holography and synthetic aperture concept. Busse
[70] also applied synthetic aperture focusing with Fourier
transform to get C-mode images (the image plane is in parallel with the surface of a planar transducer). The drawbacks of synthetic aperture methods are that they suﬀer
from low transmission eﬃciency because only part of the
aperture of a transducer is used. Because a large amount
of transmissions are required to reconstruct an image,
the image-frame rate is low in addition to poor quality
due to a low SNR. Nonetheless, Fourier-based synthetic
aperture imaging is used with catheter-based ultrasound
probes when a complex method is diﬃcult to implement
due to the conﬁned space of these probes [71]–[73]. Benenson et al. [74] have suggested a Fourier-based 3-D imaging
method with mechanically scanning of a highly focused,
single-element transducer. Although the method may get
a high-resolution image beyond the focal distance and may
have applications in ophthalmology and dermatology, it
is not suitable for high-frame rate imaging because mechanical scanning is usually very slow. Jeong et al. [75],
[76] also suggested an imaging method that could be used
to improve image resolution and contrast by transmitting
multiple plane waves to coherently synthesize the so-called
sinc waves. However, their method uses a time-domain approach and the complexity of an imaging system would be
formidably high if it is applied to 3-D imaging at a rate of
a few thousands volumes/second.
This paper is organized as follows. In Section II, the
theory extended from (15) of [27] will be presented [61],
[62]. The proof that limited-diﬀraction array beam weightings of received echo signals over a 2-D transducer aperture
are the same as a 2-D Fourier transform of these signals
over the same aperture also will be presented [61], [62].
Results of some previous studies will be given as special
cases of the extended theory. The mapping between the
Fourier domains of echo signals and object function will
be introduced in Section III, followed by Section IV for
computer simulations, and Section V for in vitro experiments on phantoms and in vivo experiments of the human
kidney and heart using the high-frame rate imaging system
[62], [77], [78]. Discussion and conclusions will be given in
Sections VI and VII, respectively.

II. Theory
In this section, the theory of high-frame rate imaging
[27], [28] is extended to include explicitly various transmission schemes such as multiple limited-diﬀraction array
beams and steered plane waves (the derivations will be
in parallel with those in [27]) [61], [62]. The proof that
limited-diﬀraction array beam weightings of received echo
signals over a 2-D transducer aperture are the same as a
2-D Fourier transform of these signals over the same aperture is also given [61], [62].
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T =
a direction along the transmission wave vector, K
(kxT , kyT , kzT ).

ω
1, ω ≥ 0
=
,
(3)
H
c
0, ω < 0
is the Heaviside step function [80], and

kzT = k 2 − kx2T − ky2T ≥ 0,

Fig. 1. Coordinates of transducer and object in space.

A. Extension of High-Frame Rate Imaging Theory
As shown in Fig. 1, a 2-D array transducer located at
z = 0 plane is excited to generate a broadband, limiteddiﬀraction array beam or a steered pulsed plane wave. The
same transducer also is used to receive echoes scattered
from objects. The aperture of the transducer is assumed
to be inﬁnitely large, and the size of each transducer element is inﬁnitely small. The coordinates on the surface
of the transducer are denoted as r1 = (x1 , y1 , 0), and the
coordinates of any spatial point in the object are given
by r0 = (x0 , y0 , z0 ). In the following, (15) of [27] will
be generalized to include explicitly various transmission
schemes such as multiple limited-diﬀraction array beams
and steered plane waves.
Assuming that the transmitting transfer function of the
transducer is A(k) that includes both electrical response
of the driving circuits and electro-acoustical coupling characteristics [79] of the transducer elements. Then, a broadband, limited-diﬀraction array beam [29], [32] or pulsed
steered plane wave (a plane wave is a special case of limited
diﬀraction beams) incident on the object can be expressed
as [see (5) and (6) of [27] and their derivations from X
waves [44], [45]]:
ΦTArray (r0 , t)

1
=
2π

∞

A(k)eikxT x0 +ikyT y0 +ikzT z0 e−iωt dk

0

=

1
2π

∞

A(k)H(k)eikxT x0 +ikyT y0 +ikzT z0 e−iωt dk,

(1)

where the superscript “T” in ΦTArray (r0 , t) means transmission and the subscript Array represents array beam, and
Φ̃TArray (r0 , ω) =

where kxT and kyT are projections of the transmission wave
vector along x1 and y1 axes, respectively, k = ω/c is the
wave number, where ω = 2πf is the angular frequency, f
is the temporal frequency, c is the speed of sound of the
object, and t is the time.
Due to the reciprocal principle, the response of a transducer weighted with a broadband limited diﬀraction array
beam [29], [32] or pulsed steered plane wave for a point
source (or scatterer) located at r0 = (x0 , y0 , z0 ) is given by:
ΦR
r0 , t)
Array (

A(k)H(k) ikx x0 +iky y0 +ikz z0
T
T
e T
,
c

1
=
2π

∞
T (k)H(k)eikx x0+iky y0+ikz z0 e−iωt dk

−∞

or
T (k)H(k) ikx x0+iky y0+ikz z0
Φ̃R
r0 , ω) =
,
e
Array (
c

(5)

where the superscript “R” in ΦR
r0 , t) means recepArray (
R
tion, Φ̃Array (r0 , ω) is the Fourier transform (spectrum) of
ΦR
r0 , t) in terms of time, which is an expression of a
Array (
monochromatic plane wave response steered at a direction
 R = (kx , ky , kz ) [similar
along the reception wave vector K
to (2) above], T (k) is the transfer function of the transducer in reception, and:

kz = k 2 − kx2 − ky2 ≥ 0,
(6)
where kx and ky are projections of the reception wave vector along x1 and y1 axes, respectively.
If the same array transducer is used as both transmitter
and receiver above, from (1) and (5), the received signal
for the wave scattered from a point scatterer located at
r0 = (x0 , y0 , z0 ) is given by the following convolution [(12)
of [27]]:
(one)

Rkx +kx

T

−∞

(4)

,ky +kyT ,kz +kzT



(t) =


∗
f (r0 ) ΦTArray (r0 , t) ΦR
r0 , t)
Array (
∞
1
A(k)T (k)H(k)
=
2π
c
−∞

× f (r0 )ei(kx +kxT )x0 +i(ky +kyT )y0 +i(kz +kzT )z0 e−iωt dk,

(7)

(2)

is the Fourier transform (spectrum) of the array beams
in terms of time. Eq. (2) is an expression of a monochromatic (single angular frequency ω) plane wave steered at

where “∗” represents the convolution with respect to time
and where the superscript “one” means one point scatterer. This uses the fact that the spectrum of the convolution of two functions is equal to the product of the spectra
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of the functions. And f (r0 ) is an object function that is
related to the scattering strength of a scatterer at point r0 .
Assuming that the imaging system is linear and multiple scattering can be ignored (Born or weak scattering
approximation [81], [82]), the received signal for echoes returned from all random scatterers within the object f (r0 )
is a linear superposition of those echo signals from individual point scatterers as follows (see (13) of [27]):
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side of the equation (for the convenience of presentation),
it is used with R̃kx ,ky ,kz (ω), and (see (16) of [27]).
FBL (kx , ky , kz ) = A(k)T (k)F (kx , ky , kz )

(12)

is a band-limited version of the spatial Fourier transform of
the object function, the subscript BL means band-limited.
It should be emphasized that (10) is also a 2-D Fourier
transform of the echo signals in terms of both x1 and y1
over the transducer surface (aperture) [61], [62]. The proof
is given as follows. Using (5), one can easily see that (10)
can be rewritten as:

∞
1
A(k)T (k)H(k)
Rkx +kxT ,ky +kyT ,kz +kzT (t) =
2π
c
−∞

A(k)T (k)H(k)
f (r0 )ei(kx +kxT )x0 +i(ky +kyT )y0 +i(kz +kzT )z0 dr0 e−iωt dk R̃
×
kx +kxT ,ky +kyT ,kz +kzT (ω) =
V
c2

∞
1
A(k)T (k)H(k)
× f (r0 )eikx x0 +iky y0 +ikz z0 eikxT x0 +ikyT y0 +ikzT z0 dr0
F (kx + kxT , ky + kyT , kz + kzT )
=
V
2π
c


−∞
A(k)
T (k)H(k) ikx x0 +iky y0 +ikz z0
e
=
f
(
r
)
0
× e−iωt dk. (8)
c
c
V
The 3-D Fourier transform pair in this expression is
deﬁned as follows:

f (r0 )eikx x0 +iky y0 +ikz z0 dr0
F (kx , ky , kz ) =
V

and
1
f (r0 ) =
(2π)3

∞ ∞ ∞
F (kx , ky , kz )

(9)

−∞ −∞ −∞

× e−ikx x0 −iky y0 −ikz z0 dkx dky dkz ,
where V is the volume of the object f (r0 ).
From (8) the temporal Fourier transform (spectrum) of
the received signal can be obtained (see (15) of [27], which
establishes a relationship between the Fourier transform
of the object function and the Fourier transform of the
received echo signals) [61], [62]:
A(k)T (k)H(k)
R̃kx +kxT ,ky +kyT ,kz +kzT (ω) =
c2

× f (r0 )ei(kx +kxT )x0 +i(ky +kyT )y0 +i(kz +kzT )z0 dr0
V

or
A(k)T (k)H(k)
c2
× F (kx + kxT , ky + kyT , kz + kzT )

R̃kx +kxT ,ky +kyT ,kz +kzT (ω) =

(10)

× eikxT x0 +ikyT y0 +ikzT z0 dr0
 
A(k) ikx x0 +iky y0 +ikz z0
T
T
= x1 ,y1
f (r0 )
e T
c
V

× Ẽ(x1 , y1 ; r0 ; ω)dr0 ,
where x1 ,y1 represents a 2-D Fourier transform in terms
of both x1 and y1 at the transducer surface,


R
Ẽ(x1 , y1 ; r0 ; ω) = −1
Φ̃
(
r
,
ω)
0
Array
kx ,ky
T (k)H(k) −1  ikx x0 +iky y0 +ikz z0 
kx ,ky e
c
T (k)H(k) ∂
=−
(14)
2πc
∂z
√ 0


ik (x1 −x0 )2 +(y1 −y0 )2 +z02
e
× 
,
(x1 − x0 )2 + (y1 − y0 )2 + z02
=

where −1
kx ,ky represents an inverse 2-D Fourier transform
in terms of both kx and ky . The last equal sign in (14) is
obtained with the shift theorem of Fourier transform, and
the following Fourier transformation equality (see (13) of
[83]):

or
FBL (kx , ky , kz ) = c2 H(k)R̃kx ,ky ,kz (ω),
where:
⎧
⎪
⎨

× eikxT x0 +ikyT y0 +ikxT z0 dr0



A(k)
=
f (r0 ) Φ̃R
r0 , ω) eikxT x0 +ikyT y0 +ikzT z0 dr0
Array (
c
V



(13)
A(k)
=
f (r0 ) x1 ,y1 Ẽ(x1 , y1 ; r0 ; ω)
c
V

kx = kx + kxT

 ky = ky + kyT
= k 2 − kx2 − ky2 + k 2 − kx2T − ky2T ≥ 0
(11)

1
eikx x0 +iky y0 +ikz z0 = − x1 ,y1
2π
√



2
2
2
∂
eik (x1 −x0 ) +(y1 −y0 ) +z0

×
. (15)
∂z0
(x1 − x0 )2 + (y1 − y0 )2 + z02

The H(k) in (10) is used to indicate that only positive
values of k are used and thus it can be applied to either

Apparently, Ẽ(x1 , y1 ; r0 ; ω) in (14) is a diﬀerentiation
of the Green’s function [84] representing the ﬁeld at a

⎪
⎩k  = kz + kzT
z
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point of the transducer surface, (x1 , y1 , 0), produced by
a point source (scatterer) located at a spatial point,
r0 = (x0 , y0 , z0 ). This is also clear from the RayleighSommerfeld diﬀraction formula [(3-36) of [84], and [83]]:

1
∂
Φ̃(r1 ; ω)
Φ̃(r0 ; ω) = −
2π 
∂z0

×

1

eik

√



(x1 −x0 )2 +(y1 −y0 )2 +z02


(x1 − x0 )2 + (y1 − y0 )2 + z02

(16)
dr1 ,



where 1 is the area of the transducer surface, Φ̃(r0 ; ω) is
the integrated ﬁeld distribution or response of the transducer for a point source (scatterer) at r0 , and Φ̃(r1 ; ω) is
the weighting function at the surface of the transducer.
It is seen that the kernel of (16) is the same as that of
Ẽ(x1 , y1 ; r0 ; ω) in (14). Therefore, (13) indicates that (10)
represents a 2-D Fourier transform over the transducer surface for echo signals produced from all point scatterers in
the volume, V . The phase and amplitude of each point
source (scatterer) are modiﬁed by the transmitted plane
wave, (A(k)H(k)/c)eikxT x0 +ikyT y0 +ikxT z0 [see (2)] as well
as the object function, f (r0 ). Thus, limited-diﬀraction array beam weighting theory [27] is exactly the same as a
3-D Fourier transformation of echo signals over both the
transducer aperture (2-D) and time (1-D), which decomposes echo signals into plane waves or limited diﬀraction
array beams [29], [32]. The previous work [27], [28], [59],
[60] on the steered plane waves and the limited-diﬀraction
array beam weightings in transmissions is equivalent to
the phase and amplitude modiﬁcations of the object function shown in (13) or (10). It is worth noting that, because both the high-frame rate imaging method [27] and
current extension are based on the rigorous theory of
the Green’s function in (14) and (16), it could be more
accurate to reﬂect the scatterer distributions in space
than the simple delay-and-sum [85] method used in almost all commercial ultrasound scanners. This proves that
R̃kx +kxT ,ky +kyT ,kz +kzT (ω) in (10) or (13) can be obtained
directly by 3-D Fourier transform of the received echo signals over a 2-D transducer aperture and 1-D time!
Taking the inverse Fourier transformation of (12), an
approximation of the object function can be reconstructed
using the deﬁnition of the spatial Fourier transform in (9)
(see (18) of [27]):
Part
f (r0 ) ≈ fBL (r0 ) ≈ fBL
(r0 ) =
 ∞
 ∞

1
dk 
dk 
(2π)3 −∞ x −∞ y k≥√kx2 +ky2
T

T



the object function is known. It can be shown from computer simulations and experiments in the later sections
that these approximations do not aﬀect the quality of reconstructed images as compared to those obtained with
conventional, dynamically focused pulse-echo imaging systems.
If the object function, f (r0 ), is real, which is the case in
most applications, the following is true from (9) (see (22)
of [27]):
F (−kx , −ky , −kz ) = F ∗ (kx , ky , kz ),

where the superscript “∗” means complex conjugate. In
this case, the spatial Fourier transform of the object function in the lower Fourier space (kz < 0) is also known.
In the following sections, (10), (11), and (17) will
be used to reconstruct images for various transmission
schemes.
B. Special Cases of the High-Frame Rate Imaging Theory
1. High-Frame Rate Imaging Method without Steering:
For a plane wave without steering, one has kxT = 0 and
kyT = 0. From (10) and (11), one obtains:
FBL (kx , ky , kz ) = c2 H(k)R̃kx ,ky ,kz (ω),
where:

√

and k≥


2 +k2
kx
y


× FBL (kx , ky , kz )e−ikx x0 −iky y0 −ikx z0 ,

(17)

where the ﬁrst approximation is due to the ﬁnite bandwidth of received signals and the 
second one is due to
the requirements that both k ≥
kx2T + ky2T and k ≥

kx2 + ky2 must be satisﬁed. Thus, only part (indicated by
the superscript Part) of the spatial Fourier transform of

(19)

⎧
⎪
⎨

kx = kx
ky =ky
,
⎪
⎩k  = k + kz = k + k 2 − k 2 − k 2 ≥ 0
x
y
z

(20)

which is exactly the same as that of the high-frame rate
imaging method (see (8) and (15) of [27]). From (19) and
(20), 3-D or 2-D images can be reconstructed with (17)
[27], [28].
2. Two-Way Dynamic Focusing with Limited Diﬀraction Array Beams: If both kx = kxT and ky = kyT
are ﬁxed during each transmission, from (10) and (11),
one obtains the two-way dynamic focusing with limiteddiﬀraction beam method developed previously (see (42),
(43), and Fig. 13 of [27]) [26], [28]:

where:
dkz

(18)

FBL (kx , ky , kz ) = c2 H(k)R̃kx ,kz ,kz (ω),

(21)

⎧ 
⎨ kx = 2kx
k  = 2ky ,
⎩  y
kz = 2kz ≥ 0

(22)

which represents an increased Fourier domain coverage resulting in a higher image resolution. The increased Fourier
domain coverage may be equivalent to a dynamic focusing
in both transmission and reception in theory. Choosing
both kx and ky on rectangular grids, one does not need
to do any interpolation in the spatial Fourier domain of
the object function along these directions. This method
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also increases the image ﬁeld of view as compared to the
high-frame rate imaging method [27]. However, because
only one line in the Fourier domain is obtained from each
transmission, this method may be slow for 3-D imaging. In
addition, to reconstruct an image of a large ﬁeld of view,
the sampling interval of both kx and ky must be small,
which may further increase the number of transmissions
needed.
3. Spherical Coordinates Approach: Using spherical coT =
ordinates for (4) or the transmission wave vector, K
(kxT , kyT , kzT ), one obtains (see (8) and Fig. 2 of [27]):
⎧
⎪
⎨kxT = k sin ζT cos θT = k1T cos θT
kyT = k sin ζT sin 
θT = k1T sin θT ,
⎪
⎩ kz = k cos ζT = k 2 − k 2 ≥ 0
T
1T

(23)

where ζT is the Axicon angle [86], [87] of X wave [44], [45]
or the steering angle of a plane wave, θT is an angle that
determines components of the transmission wave vector in
both x1 and y1 axes (for a given transmission, both ζT and
θT are ﬁxed), and:
k1T = k sin ζT =


kx2T + ky2T

(24)

is the magnitude of the transverse component of the wave
vector in (x1 , y1 ).
Let kx = kxT = k sin ζT cos θT and ky = kyT =
k sin ζT sin θT , where both ζT and θT are ﬁxed for each
transmission, the Fourier space of the object function can
be ﬁlled up in spherical coordinates, (2k, ζT , θT ). That is,
for each plane wave transmission, echo signal is received
with a plane wave response from the same direction. From
(10) and (11), one obtains (21) with the following parameters for 3-D imaging:
⎧
kx = 2k sin ζT cos θT
⎨
ky = 2k sin ζT sin θT
,
(25)
⎩ 
kz = kz + kzT = 2k cos ζT ≥ 0
Soumekh [67] has obtained a similar result from a linear system modeling approach in polar coordinates for
2-D imaging. Because the samples in the spatial Fourier
domain are very sparse for a larger k [see (25)], a large
number of transmissions at diﬀerent angles are required to
obtain high-frequency components accurately. Compared
to the two-way dynamic focusing with limited diﬀraction
beam approach, more transmissions may be needed to give
an adequate coverage of the Fourier space.
4. Limited-Diﬀraction Array Beams: If the four
limited-diﬀraction array beams in (26)–(29) (see next
page) [29], [32], [61], [62] are transmitted (ﬁx both kxT
and kyT for each transmission) one obtains four coverage
areas in the spatial Fourier space of f (r0 ) from combinations of the four echo signals. Denoting the Fourier trans(1)
(2)
form of the four echo signals as R̃k ,k ,k (ω), R̃k ,k ,k (ω),
x

y

z

x

y

z
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(3)

(4)

R̃k ,k ,k (ω), and R̃k ,k ,k (ω), corresponding to (26)–(29),
x y z
x y z
respectively, one has (30)–(33) (see next page).
Changing kxT and kyT , one obtains partially overlapped
coverage of the spatial Fourier domain because kx and ky
are free to change; (11) can be used to perform the mapping between the echo Fourier domain and the Fourier domain of the object function for each transmission, and the
mapping will be discussed in the next section. Superposing the partially reconstructed images in spatial domain
or their spectra in the spatial Fourier domain from diﬀerent transmissions, one obtains the ﬁnal image with (17).
The superposition in spatial domain can be done either coherently (increase image resolution and contrast) or incoherently (reduce speckles) [59], [60]. In frequency domain,
the superposition can be done only coherently, which in
theory is equal to the superposition in the spatial domain.
The superposition also will increase the ﬁeld of view of the
ﬁnal image [59], [60].

5. Steered Plane Waves: As discussed previously, (10)
and (11) directly give a relationship between the 3-D
Fourier transform of measured echo signals at the transducer surface and the 3-D spatial Fourier transform of the
object function for a steered plane wave transmission with
ﬁxed Axicon angle (steering angle for plane waves), ζT ,
[86], [87] of X wave [44], [45] and azimuthal angle, θT .
(See spherical coordinates approach above.) After getting
the spatial Fourier transform of the object function, using (17) one can reconstruct images with an inverse 3-D
Fourier transform. In the reconstruction, the same superposition schemes described above in the section of limited
diﬀraction array beams can be used. The partially reconstructed images for each ﬁxed pair of ζT and θT in either
spatial Fourier or spatial domain can be used to increase
image resolution, contrast, ﬁeld of view, or reduce speckle
noises.
In addition to the earlier work in [27], [28], [59], [60], Liu
also considered steering plane waves to obtain a large ﬁeld
of view, increasing image resolution or reducing speckles
[88]. Using the zeroth-order Hankel function, Liu derived a
relationship between the Fourier transform of echoes and
the Fourier transform of an object function for 2-D imaging. From (13)–(16), it is clear that the relationship derived
by Liu is a special case of (15) of [27] or a special case of
(10) [for 2-D imaging, one can simply set ky = kyT = 0 in
(10) and (11)].
For steered plane waves, one obtains the relationship
of the parameters between the Fourier transform of the
echoes and the object function [see (11) and (23)]:
⎧
⎪
⎨

kx = kx + k sin ζT cos θT
ky = ky 
+ k sin ζT sin θT
,
⎪

⎩kz = kz + k cos ζT = k 2 − kx2 − ky2 + k cos ζT ≥ 0
(34)
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ΦTArray(1) (r0 , t)

1
=
2π

ΦTArray(2) (r0 , t) =

ΦTArray(3) (r0 , t) =

1
2π
1
2π

∞
−∞
∞

−∞
∞

A(k)H(k) cos (kxT x0 ) cos (kyT y0 ) eikzT z0 e−iωt dk,

(26)

A(k)H(k) cos (kxT x0 ) sin (kyT y0 ) eikzT z0 e−iωt dk,

(27)

A(k)H(k) sin (kxT x0 ) cos (kyT y0 ) eikzT z0 e−iωt dk,

(28)

A(k)H(k) sin (kxT x0 ) sin (kyT y0 ) eikzT z0 e−iωt dk,

(29)

−∞

and:
ΦTArray(4) (r0 , t)

1
=
2π

∞
−∞



(1)
(2)
(3)
(4)
FBL (kx + kxT , ky + kyT , kz + kzT ) = c2 H(k) R̃k ,k ,k (ω) + iR̃k ,k ,k (ω) + iR̃k ,k ,k (ω) − R̃k ,k ,k (ω) ,
x

y

z

x

y

z

x

y

z

x

y

z



(1)
(2)
(3)
(4)
FBL (kx + kxT , ky − kyT , kz + kzT ) = c2 H(k) R̃k ,k ,k (ω) − iR̃k ,k ,k (ω) + iR̃k ,k ,k (ω) + R̃k ,k ,k (ω) ,
x

y

z

x

y

z

x

y

z

x

y

z



(1)
(2)
(3)
(4)
FBL (kx − kxT , ky + kyT , kz + kzT ) = c2 H(k) R̃k ,k ,k (ω) + iR̃k ,k ,k (ω) − iR̃k ,k ,k (ω) + R̃k ,k ,k (ω) ,
x

y

z

x

y

z

x

y

z

x

y

z



(1)
(2)
(3)
(4)
FBL (kx − kxT , ky − kyT , kz + kzT ) = c H(k) R̃kx ,ky ,kz (ω) − iR̃kx ,ky ,kz (ω) − iR̃kx ,ky ,kz (ω) − R̃kx ,ky ,kz (ω) .

(30)
(31)
(32)

2

C. 2-D High-Frame Rate Imaging Theory
Eq. (10) and (11) give a general 3-D image reconstruction formula that is similar to (15) of [27]. They are readily
suitable for 2-D image reconstructions. Setting one of the
transverse coordinates, say, ky = kyT = 0, one obtains a
2-D imaging formula (see (34) of [27]):
FBL (kx , kz ) = c2 H(k)R̃kx ,kz (ω),
where

kz = kz + kzT

kx= kx + kxT 
,
= k 2 − kx2 + k 2 − kx2T ≥ 0

(35)

(36)

Eq. (35) and (36) are the equations for reconstructions
of images from data obtained with simulations and experiments.

(33)

(kx , ky , k), which is related to (kx , ky , kz ) by (11). In this
section, mapping of data with (11) will be given for two
special cases (limited-diﬀraction array beam and steered
plane wave transmissions) for 2-D imaging. They will be
used in the reconstruction of images in both simulations
and experiments in later sections. Mappings for other special cases and for 3-D can be done similarly.
A. Image Reconstruction with Limited-Diﬀraction
Array Beams
For limited-diﬀraction array beams, an inverse function
of (36) can be derived:
⎧
kx = kx − kxT
⎨


2 2
2
2 − k −k
kz 2 +kx
( x xT ) +4kz 2 (kx −kxT ) .
T
⎩
k=

2k
z

(37)
III. Relationships Between Fourier Domains of
Echoes and Object Function
To reconstruct images with FFT, it is necessary to obtain the Fourier transform of the object function at rectangular grids of (kx , ky , kz ). However, the Fourier transform of echo data is known only on rectangular grids of

To exclude evanescent waves, both |kx | ≤ k and |kxT | ≤
k must be satisﬁed in (36) (where k ≥ 0). For limited
diﬀraction array beam weighting, kxT is a constant in
each transmission. This means that the aperture weighting function is the same for all the frequency components,
k, in each transmission. From these conditions, one set of
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boundaries in (kx , kz ) can be found by setting kx = k or
kx = −k in (36):


(kx − kxT ) − kz2 = kx2T , if kx = k or kx = −k,
2

(38)
which is a hyperbolic function with its center shifted to
(kxT , 0). The hyperbolic function has two branches that
intersect with kx axis at two points, i.e., at kx = 0 and
kx = 2kxT , respectively. Another boundary can be found
by setting kxT = k or kxT = −k in (36), which gives a
half circle centered at (kxT , 0) with a radius of |kxT | that
intercepts with the hyperbolic curves at (0, 0) and (0, 2kxT )
respectively:


(kx − kxT ) + kz2 = kx2T , if kxT = k or kxT = −k.
(39)
2

If the imaging system is band limited (i.e., kmin ≤ k ≤
kmax ), from (36) another two circular boundaries can be
obtained:

2

2


2
2
2
(kx − kxT ) + kz − kmin − kxT
= kmin
,
if k = kmin ≥ kxT ,

(40)

and


2
2
2
2
(kx − kxT ) + kz − kmax
− kx2T
= kmax
,
if k = kmax ≥ kxT ,

(41)

which further limit the size of the mapping area in (kx , kz ).
As kxT increases, low-frequency components cannot be
transmitted to illuminate objects, which could lower the
energy eﬃciency. Outside of the boundaries, values at
(kx , kz ) are simply set to 0 [Fig. 2(a) and (b)]. The mapping can be done with bilinear interpolation. To increase
the interpolation accuracy, data in the Fourier domain of
echoes can be densiﬁed by zero padding as long as the
original data are not aliased.
For limited-diﬀraction array beam transmissions, both
sine and cosine weightings are applied; thus the echoes
need to be combined using a 2-D version of (30)–(33) to
get two new sets of echoes before the mapping process
above. The combination could be done in either echo or
echo Fourier domain. Images can be reconstructed from
the mapped data [see the text below (33)].
B. Image Reconstruction with Steered Plane Waves

Fig. 2. Mapping between the Fourier transform of echo signals (a)
and (c) and the Fourier transform of an object function (b) and (d),
for limited-diﬀraction array beam (a) and (b) and steered plane wave
(c) and (d) transmissions. (Notice that (b) and (d) are similar to the
Ewald sphere [81]. However, the data acquisition techniques and thus
the Fourier domain coverage in [81] are diﬀerent from those in the
current paper.) Note that θ in this ﬁgure is ζT in (44).

ﬁxed for each transmission. To make the system causal,
an additional constant delay may be added to the delay
function (42).
Assuming kxT = k sin ζT , from (36) or a 2-D case of
(34), one obtains an inverse function:

kx = kx − k sin ζT


.
(43)
k 2 +k 2
k = 2k cos ζzT +2kx  sin ζT
z

x

To exclude evanescent waves, the condition for steered
plane waves is |kx | ≤ k (notice that k ≥ 0 and |ζT | < π/2).
With this condition, one set of boundaries in (kx , kz ) can
be determined by setting kx = k and kx = −k, respectively, in (36):

cos ζT

kz = sin
ζT +1 kx , if kx = k
.
(44)
cos
ζ
kz = sin ζT T−1 kx , if kx = −k
If the imaging system is band limited (i.e., kmin ≤ k ≤
kmax ), another two boundaries can be added using (36)
and kxT = k sin ζT :

(42)

⎧ 
2
2
2
(kx − kmin sin ζT ) + (kz − kmin cos ζT ) = kmin
,
⎪
⎪
⎪
⎨if k = k
x
min
.
2
2


2
⎪
(k
−
k
max sin ζT ) + (kz − kmax cos ζT ) = kmax , (45)
⎪
x
⎪
⎩
if kx = kmax

where x1 ∈ (−D/2, D/2) is the position of the center of
an element of an array transducer, D is the size of the
transducer aperture, and ζT is the steering angle that is

Outside of the boundaries, values at (kx , kz ) are simply set to 0 [see Fig. 2(c) and (d)]. Similar to the limiteddiﬀraction array beam case, the mapping can be done with

Images also can be reconstructed with steered plane
waves. To steer a plane wave, linear time delays are applied to transducer elements:
τ (x1 ) = −x1 sin ζT /c,
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Fig. 3. Structure and imaging areas of an ATS539 multipurpose
tissue-mimicking phantom.

the bilinear interpolation. To increase the interpolation accuracy, data in the Fourier domain of echoes can be densiﬁed with zero padding as long as the original data are not
aliased.

IV. Computer Simulation
To verify the extended high frame rate (HFR) imaging theory in ideal conditions, computer simulations were
performed. For simplicity, only 2-D imaging will be considered. The simulation algorithms are developed based on
the impulse response methods [89]–[93].
In the simulations, a 128-element, 1-D linear array
transducer of 3.5 MHz center frequency and 58% −6 dB
pulse-echo fractional bandwidth deﬁned by the square of
the Blackman window function [44] is assumed. A onecycle sine wave pulse at the center frequency of the transducer is used to excite the transducer. The dimensions of
the transducer are 0.32 mm (pitch), 8.6 mm (elevation
width), and 40.96 mm (aperture length), respectively. The
pitch is about three-fourths of the center wavelength of the
transducer. There is no elevation focus for the transducer.
Two objects are used in the simulations. One is based on
the wire pattern of the ATS539 (ATS Laboratories, Inc.,
Bridgeport, CT) multipurpose tissue-mimicking phantom
(see imaging Area I and the position of the transducer in
Fig. 3). There are 40-wire targets in this imaging area, each
wire is represented with a point scatterer, and all point
scatterers are assumed to have the same scattering coefﬁcient. The second object consists of 18 point-scatterers
of the same scattering coeﬃcient. The point scatterers are
aligned along three lines with six point-scatterers in each

line, evenly spaced with 20-mm spacing. The ﬁrst line is
perpendicular to the transducer surface, and the other two
are at 15 and 30 degrees from the ﬁrst line, respectively.
The center of the transducer is aligned with the ﬁrst line.
The geometry of the object is the same as that of the reconstructed images to be described later, except that the
points in the reconstructed images are not exactly geometrical points.
Reconstructed images of the ﬁrst object are shown in
Figs. 4 and 5 with limited-diﬀraction array beams and
steered plane waves in transmissions, respectively. In each
ﬁgure, there are four panels for images reconstructed with
one transmission (up to 5500 frames/second with a speed
of sound of 1540 m/s) [Figs. 4(a) and 5(a)], 11 transmissions (up to 500 frames/second) [Figs. 4(b) and 5(b)], 91
transmissions (up to 60 frames/second) [Figs. 4(c) and
5(c)], and 263 transmissions (up to 21 frames/second)
[Figs. 4(d) and 5(d)], respectively, for a depth of 140 mm.
As a comparison, panels Figs. 4(d) and 5(d) are the same
and are obtained with the conventional delay-and-sum
method with its transmission focus at 70 mm.
For limited-diﬀraction array beam transmissions, the
maximum value of k is calculated with kxT max = π/∆x1 ,
where ∆x1 is the pitch of the transducer. Because both sine
and cosine aperture weightings are needed for each kxT , a
total of 46, 6, and 1 kxT , equally spaced from 0 to kxT max ,
are used to produce the results with 91, 11, and 1 transmissions, respectively (for 1 transmission, kxT = 0). For
steered plane waves, 91, 11, and 1 transmissions, evenly
spaced with the condition |ζT | ≤ π/4, are used to produce the results (for 1 transmission, ζT = 0). For conventional delay-and-sum method, the following formula is
used to obtain the evenly spaced sine of the steering angles (there are less transmissions at larger angles than at
smaller ones):
sin θn = n(λ0 /2)/D, n = 0, ±1, ±2, . . . , ±(N − 1)/2,
(46)
where θn is nth-steering angle, λ0 is the center wavelength, D is the aperture size of the transducer. For θn
to cover ±45◦ , with an assumption of the speed of sound
of 1540 m/s, one obtains N = 263.
For 91 transmissions, it is seen from Figs. 4 and 5 that
image resolution is high and sidelobe is low (images are
log-compressed in 50 dB) for both limited-diﬀraction array
beam and steered plane wave transmissions as compared
to the conventional delay-and-sum method. Even with one
transmission, the results are still comparable to that of
delay-and-sum except near the transmission focal depth.
The results for limited-diﬀraction array beam and steered
plane wave transmissions are similar, except the former
has a somewhat higher resolution.
Simulations with the second object are done to compare the image quality of both limited-diﬀraction array
beam and steered plane wave transmissions with the conventional delay-and-sum method of transmission focusing
at all depths (dynamic transmission focusing) (Fig. 6). For
delay-and-sum method, dynamic focusing in transmission
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Fig. 4. Simulated images according to the imaging area I of the ATS539 phantom (see Fig. 3). Images are reconstructed with limiteddiﬀraction array beam transmissions. Images are log-compressed at 50 dB. The transducer has 128 elements, 40.96-mm aperture, 0.32-mm
pitch, 3.5-MHz center frequency, and 58% −6 dB pulse-echo bandwidth. The area of each image panel is 81.92 × 140 mm. Images are
obtained with (a) 1 (up to 5500 frames/second with 1540 m/s speed of sound), (b) 11 (up to 500 frames/second), and (c) 91 (up to 60
frames/second) transmissions, respectively. (d) Result obtained with the conventional delay-and-sum method with a ﬁxed transmission focal
depth of 70 mm and with 263 transmissions (up to 21 frames/second).

Fig. 5. The same as Fig. 4 except that steered plane waves are used in transmissions instead of limited-diﬀraction array beams.
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Fig. 6. Simulated images for 18 point scatterers on three lines with 15 degrees between the lines. Six point scatterers are distributed evenly
over each line with 20-mm spacing. The log compression, image panel size, and parameters of the transducer are the same as those in
Fig. 4. Image reconstructed with: (a) Limited-diﬀraction array beam transmissions (91 transmissions up to 59 frames/second). (b) Steered
plane wave transmissions. (c) Delay-and-sum method with a ﬁxed focal depth at 60 mm (263 transmissions up to 20 frames/second).
(d) Delay-and-sum method with a dynamically focused transmission synthesized using a montage process.

is achieved with a montage process, i.e., cutting a strip of
each reconstructed image around its focal distance, then
piecing all the strips together to form a synthesized image.
Apparently, this process lowers image frame rate dramatically. Despite the added complexity and a low-frame rate,
the resolution of the delay-and-sum method with the montage process [Fig. 6(d)] is lower than that of either limiteddiﬀraction array beam [Fig. 6(a)] or steered plane wave
[Fig. 6(b)] method with 91 transmissions. The delay-andsum method with a ﬁxed transmission focus [Fig. 6(c)] has
the worst result. It should be mentioned that both limiteddiﬀraction array beam and steered plane wave methods
have high computation eﬃciency due to the use of FFT
(the diﬀerence is on how to transmit—sine and cosine
weighting are used to produce limited-diﬀraction array
beams, and linear-time delay is used to produce a steered
plane wave).
V. In Vitro and In Vivo Experiments
To test the extended HFR imaging theory in practical situations, both in vitro and in vivo experiments are
carried out with a homemade HFR imaging system [62],
[77], [78].
A. Experiment System and Experiment Conditions
A HFR imaging system [62], [77], [78] was designed
and constructed in our lab and was used for all the experiments. This system has 128 independent, wideband
(0.05 MHz–10 MHz) arbitrary waveform generators (power

ampliﬁers), and each of them has a 40 MHz 12-bit D/A
as its input and produces up to ±144 V output at a 75 Ω
load. The system also has 128 independent receiving channels, and each has a low-noise, time-gain-control (TGC)
ampliﬁer of up to 108 dB gain and 10 MHz bandwidth
(0.25 MHz–10 MHz). Each channel also has a 12-bit A/D
of 40 MHz sampling rate and a SDRAM of up to 512 MB
for storing digitized echo signals. Data are transferred
through a USB 2.0 (high-speed) link to a computer for
image reconstruction. The system operation is controlled
by the computer using the same USB link.
In the experiment, a one-cycle sine wave at the center
frequency of the transducer is used to excite the transducer. For limited-diﬀraction array beam transmissions,
array transducers are weighted with either sine or cosine
function of diﬀerent parameters, kxT . For steered plane
wave or conventional delay-and-sum methods, linear time
delays are applied to the transducers to steer the beams.
The precision of the time delay of the system is 6.25 ns,
which is determined by a 160 MHz clock. In receive mode,
signals are digitized at the same time at a 40 MHz sampling rate. During image reconstruction, signals can be
down sampled to 10 MHz for both limited-diﬀraction array beam and steered plane wave methods. However, the
delay-and-sum method requires 40 MHz to ensure image
reconstruction quality.
B. In Vitro Experiments
In the in vitro experiments, the same array transducer
as in the simulations is used, except that the real trans-
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Fig. 7. Experiment results of a wire phantom in water. Images are reconstructed with limited-diﬀraction array beam transmissions. There
are seven wires in total with six wires in a line and one wire on the third row 20 mm to the right of the line. The image panel size is
51.2 × 140 mm. The six wires are evenly distributed with 20-mm spacing. The log compression and the parameters of the transducer are the
same as those in Fig. 4, except that the −6 dB pulse-echo bandwidth of the transducer is about 50% instead of 58% of the center frequency.
Images are obtained with: (a) 1 (up to 5277 frames/second, with 1477.56 m/s speed of sound); (b) 11 (up to 479 frames/second); (c) 19 (up
to 278 frames/second); and (d) 91 (up to 58 frames/second) transmissions, respectively. (e) Result obtained with the delay-and-sum method
with a ﬁxed transmission focal depth of 60 mm and with 274 transmissions (up to 19 frames/second); and (f) result of the delay-and-sum
method with a dynamically focused transmission synthesized with a montage process.

Fig. 8. The same as Fig. 7, except that steered plane waves are used in transmissions instead of limited-diﬀraction array beams.
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ducer has a bandwidth of about 50% instead of 58% of the
center frequency. Other imaging parameters for the experiments are also the same as those in simulations. To show
the line spread function of the imaging methods, a homemade wire phantom consisting of six nylon wires (0.25 mm
in diameter) in a line with an inter-wire spacing of 20 mm is
used and images reconstructed with limited-diﬀraction array beam and steered plane wave transmissions are shown
in Figs. 7 and 8, respectively. (There is one more wire in the
third row of both ﬁgures that is 20 mm away from the line.)
To show how image frame rate trades oﬀ with improved
image quality (see both Figs. 7 and 8), results for 1 [up to
5277 frames/second with a speed of sound of 1477.56 m/s,
panel (a)], 11 (up to 479 frames/second, panel (b)], 19
[up to 278 frames/second, panel (c)], and 91 [up to 58
frames/second, panel (d)] transmissions are obtained. For
comparison, results of conventional delay-and-sum method
with a ﬁxed transmission focus of 60 mm and synthesized
dynamic transmission focusing with montage are shown in
panel (e) and (f), respectively (see Figs. 7 and 8). In the
experiment, the temperature in water tank is about 18.5◦ C
and thus the speed of sound is about 1477.56 m/s [94]. According to (46), this gives the number of transmissions of
274 (up to 19 frames/second) for a ﬁxed focus delay-andsum method. The experiment results are very similar to
those of simulations.
Experiment results of the imaging area I (see Fig. 3) of
the ATS539 multifunction tissue-mimicking phantom are
shown in Figs. 9 and 10, respectively. The phantom has
0.5 dB/cm/MHz attenuation and the speed of sound is
1450 m/s. The line targets of the monoﬁlament nylon have
a diameter of 0.12 mm. The results are similar to those
obtained in the computer simulations (compare Figs. 9
and 10 with Figs. 4 and 5, respectively).
The ATS539 phantom also contains anechoic cylindrical cysts with diameters of 2, 3, 4, 6, and 8 mm, respectively. In addition, there are six 15-mm diameter grayscale
cylindrical targets, with their contrasts to background of
+15, +6, +3, −3, −6, and −15 dB, respectively. Experiment results of imaging area II (see Fig. 3) are shown
in Figs. 11 and 12, respectively, for limited-diﬀraction array beam and steered plane wave transmissions (with 1,
11, and 91 transmissions). For comparison, image with
delay-and-sum method with a focal depth of 70 mm is
shown in panel (d) of both Figs. 11 and 12. It is seen that,
as the number of transmissions increases, image contrast
is increased signiﬁcantly for both limited-diﬀraction array beam and steered plane wave transmissions. Because
the noise of the HFR imaging system is relatively high,
the contrast of cystic targets is lowered because the noise
ﬁlls into the cystic areas. This is more acute for limiteddiﬀraction array beam transmissions in which the sine or
cosine weightings further reduce the transmission power
by half [62]. In addition, when kxT is ﬁxed in a limiteddiﬀraction array beam transmission, a lower transmission
frequency may have a larger spreading angle further reducing energy density, although the image ﬁeld of view
could be increased. Furthermore, with a large kxT , low

frequency components become evanescent waves and cannot be transmitted. Nonetheless, limited-diﬀraction array
beam transmissions may simplify the transmitters because
there is no time or phase delay that is needed to steer the
beam and may have other advantages as mentioned in Section I [62].
C. In Vivo Experiments
In the in vivo experiments, an Acuson V2 (Acuson,
Mountain View, CA) phased array transducer is used. The
in vivo experiments are performed with the right kidney
and the heart of a healthy volunteer. The transducer has
128 elements, 2.5 MHz center frequency, 19.2-mm aperture, 14-mm elevation dimension focused at 68-mm depth,
and 0.15-mm pitch. Given these parameters and (46), the
number of transmissions required for the delay-and-sum
method is 88 (assuming the speed of sound is 1540 m/s)
to cover ±45◦ steering angles. The transmission beam is
focused at 70 mm and the imaging depth is 120 mm.
In the experiments, a commercial Acuson 128XP/10 is
used for real-time feedback for operators. Once the structure of interest is found, the transducer position is ﬁxed by
a fastener, and the transducer is unplugged from the Acuson machine then plugged into the HFR imaging system
for data acquisition. Data are acquired at the highest frame
rate that the HFR imaging system is allowed for the depth
(187 µs between transmissions or 5348 frames/second)
[62]. Because of motion of the organs, to obtain images
at approximately the same view for comparison, diﬀerent
transmission methods are programmed to follow immediately one after another. For kidney (Fig. 13), 91 steered
plane wave transmissions start as soon as 88 delay-andsum transmissions are completed. For heart (Fig. 14), the
imaging sequence is that the 88 [61 frames/second, see
panel (d)] delay-and-sum transmissions are ﬁnished ﬁrst,
followed by 11 [486 frames/second, see panel (a)], 19 [281
frames/second, see panel (b)], and 91 [59 frames/second,
see panel (c)] transmissions of the steered plane wave
method. The data acquisition of the heart is triggered
and synchronized by an electrocardiograph (ECG) signal
to get images at the desired heart cycle moments (see the
ECG display on the right-hand side of Fig. 14). From both
Figs. 13 and 14, it is seen that the steered plane wave with
91 transmissions produces images that are better in both
resolution and contrast than the conventional delay-andsum method of a similar number of transmissions. For the
heart imaging, it is seen that the image quality can be
traded oﬀ with frame rate. Motion artifacts were a concern for the extended HFR imaging theory when more
than one transmission is used; however, from the in vivo
heart images, it seems that the extended theory is not very
sensitive to the motion. This is because the HFR imaging
theory allows one transmission to reconstruct a complete
image [27], i.e., the quality of each subimage is not affected by the motion, and the heart does not move that
fast to distort the image when subimages obtained from
diﬀerent transmissions are superposed. In our experiment,
only 91 transmissions are used. This translates into a time
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Fig. 9. The same as Fig. 4, except that these are experiment results from a real ATS539 phantom on imaging area I (see Fig. 3) using a
real transducer. The speed of sound of the phantom is 1450 m/s and the −6 dB pulse-echo bandwidth of the transducer is about 50% of
the center frequency.

Fig. 10. The same as Fig. 9, except that steered plane waves are used in transmissions instead of limited-diﬀraction array beams.

span of 91 × 187 µs = 17.017 ms. Assuming the highest
speed of the heart motion is about 0.2 m/s, the maximum
registration error of subimages would be about 3.4 mm.
Furthermore, at a larger distance, the image resolution is
generally poor, and the subimages will not overlap after a
fraction of the total number of transmissions. This makes
motion artifacts less noticeable. In addition, most heart
tissues move at a much lower speed than the peak velocity
assumed above.

VI. Discussion
A. Fourier-Domain Coverage
As mentioned before, changing kxT and kyT in limiteddiﬀraction array beam, or changing ζT in steered plane
wave transmissions, one obtains partially overlapped coverage of the spatial Fourier domain because kx and ky are
free to change [see (11)]. Superposing the partially recon-
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Fig. 11. The same as Fig. 9 except that the imaging area II of cystic objects of the ATS539 phantom (see Fig. 3) is used in the experiments.

Fig. 12. The same as Fig. 11, except that steered plane waves are used in transmissions instead of limited-diﬀraction array beams.

structed images in spatial domain or its spectrum in spatial Fourier domain obtained from diﬀerent transmissions,
one obtains the ﬁnal image. The superposition in spatial
domain can be done either coherently (increase image resolution and contrast) or incoherently (reduce speckles) [59],
[60]. However, in frequency domain, the superposition can
be done only coherently, which in theory is equal to the
superposition in the space domain. The superposition also
will increase the ﬁeld of view of the ﬁnal image.

B. Sampling Constraints
The basic sampling constraint to implement (10) and
(11) is to meet the Nyquist sampling rule [84] in both
time and spatial domains so that signals can be recovered.
In the echo Fourier domain, the sampling intervals in both
x1 and y1 directions are determined by the transducer and
must be smaller than a half of the minimum wavelength of
the transducer to avoid aliasing or grating lobes. The sam-
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Fig. 13. In vivo experiments of a right kidney of a volunteer. An Acuson V2 probe of 128 element, 2.5-MHz center frequency, 19.2-mm
aperture, 0.15-mm pitch, and 14-mm elevation with 68-mm elevation focal depth is used. The depth of images is 120 mm. Data are acquired
at the highest frame rate that the HFR system is allowed for the depth (187 µs between transmissions or 5348 frames/second for a speed
of sound of 1540 m/s). (a) Image reconstructed with 91 steered plane wave transmissions (59 frames/second). (b) Image reconstructed with
the delay-and-sum method with a ﬁxed focal depth of 70 mm and 88 transmissions (61 frames/second).

Fig. 14. In vivo experiments of the heart of a volunteer. The transducer parameters, the depth of images, and the settings of the HFR
imaging system are the same as those in Fig. 13. Data acquisition of the heart is triggered and synchronized by an ECG signal to get
images at the desired heart cycle moments (see the ECG display on the right-hand side panel). Image reconstructed with (a) 11 (486
frames/second), (b) 19 (281 frames/second), and (c) 91 (59 frames/second) steered plane wave transmissions. (d) Image reconstructed with
the delay-and-sum method with a ﬁxed focal depth of 70 mm and 88 transmissions (61 frames/second).
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pling interval in time should be smaller than half of the
smallest period of the signal frequency component. For
limited-diﬀraction array beam transmissions, if the sampling interval (pitch) of the transducer is bigger than a
half of the minimum wavelength, the image resolution will
be lower, and the ﬁeld of view may be limited because the
maximum weighting wave number in transmission is limited. Another sampling interval to consider is in the spatial
Fourier domain, (kx , ky , kz ), of the object function. For a
big object, the sampling interval must be small to get a
large ﬁeld of view and to avoid aliasing.
C. Under Sampled Aperture
To reduce eﬀects of under-sampled aperture, which is
the case for our 3.5 MHz transducer, one can apply a
phase shift to compensate for the steered plane wave after
echo signals are received [59], [60]. After the compensation, echoes would be eﬀectively the same as if the array
transducer were physically rotated in the transmission directions. This reduces aliasing caused by an under sampled
aperture.
D. Windowing
Various windows could be applied to increase image
reconstruction quality. For example, transducer aperture
could be apodized to reduce sidelobes while sacriﬁcing
some image resolution and energy eﬃciency. Windows also
could be added to the Fourier domain of the object function to reduce sidelobes, to the temporal frequency domain
to remove unwanted frequency components, as well as to
the spatial Fourier domain of echoes.
E. Finite Aperture and Image Resolution
The theory of the HFR imaging method was developed
with the assumption that the transducer aperture is inﬁnitely large. However, the aperture of a practical transducer is always ﬁnite. As is well-known from Goodman’s
book [84], a ﬁnite aperture will decrease image resolution.
This is also clear from (16) in which
 any reduction in the
size of the transducer aperture, 1 , will result in a convolution of the aperture function with the kernel (Green’s
function) in space in the Rayleigh-Sommerfeld diﬀraction
formula, reducing image resolution.
F. Motion Artifacts
Because multiple frames of images may be used to form
an image of a larger ﬁeld of view with the extended HFR
imaging theory, motion artifacts may be a concern as more
and more frames of images are used. However, from the in
vivo experiment of both kidney and heart with 91 transmissions, the artifacts are not noticeable (Fig. 12 shows the
moment of the heart at the beginning of systole). This is
because each subimage reconstructed with the HFR imaging method [27] does not have motion artifacts, and the

number of transmissions is relatively small. In addition,
because the transducer aperture is only 19.2 mm, at a
larger distance, the number of subimages superposed at
any given point is much smaller than 91. Motion artifacts
of the extended HFR imaging method have been studied
preliminarily [95]. Results show that this method is not
sensitive to the motion, except when the number of transmissions is large (lower frame rate) and the depth is small.
Further studies on motion artifacts, including motion of
the heart during systole, will be carried out in the future.
VII. Conclusions
A HFR imaging theory was developed in 1997 [27], in
which a pulsed plane wave was used in transmission, and
limited-diﬀraction array beam weightings were applied to
received echo signals to produce a spatial Fourier transform of object function for 3-D image reconstruction. In
addition, the use of steered plane waves in transmissions
to increase image ﬁeld of view and reduce speckle noises
[27], [28], [59], [60] or the use of limited-diﬀraction array beams [26], [29], [32] in transmission to increase ﬁeld
of view and spatial Fourier domain coverage to increase
image resolution was suggested. In this paper, the HFR
imaging theory was extended to include explicitly various
transmission schemes such as multiple limited-diﬀraction
array beams and steered plane waves [61], [62] (the ﬁrst report was given in [61]). Moreover, limited-diﬀraction array
beam weightings of received echo signals over a 2-D transducer aperture were proved to be the same as a 2-D Fourier
transform of these signals over the same aperture [61], [62].
Because image frame rate is inversely proportional to the
number of transmissions used to obtain a single frame of
image, the extended theory provides a continuous compromise between image quality and frame rate. This is desirable in applications in which HFR imaging is not crucial,
such as imaging of livers and kidneys, high quality images
can be reconstructed at the expense of image frame rate.
Computer simulations, in vitro and in vivo experiments
were performed to verify the extended theory. Both simulations and experiments (in vitro and in vivo) show that
the extended theory can be used to reconstruct high quality images with little motion artifacts as compared to the
conventional delay-and-sum method of a ﬁxed transmission focus as well as the delay-and-sum method that synthesizes its dynamic transmission focuses with a montage
process. Because the method can be implemented with the
FFT that has very high computation eﬃciency, imaging
systems that use the method would be simpliﬁed greatly.
This is important for 3-D imaging with a fully populated
2-D array transducer in which the computation eﬃciency
and image frame rate are of paramount importance. In addition, limited-diﬀraction array beam transmissions do not
need time or phase delay to steer the beams that may allow
a single or a small number of transmitters to replace over
10,000 independent transmitters in 3-D imaging, further
simplifying the imaging systems [62].
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The future work includes in vivo experiments with
limited-diﬀraction array beam transmissions after the
modiﬁcations of the ﬁrmware and software of the HFR
imaging system, blood ﬂow imaging, motion artifacts
study, harmonic imaging, as well as hardware implementation of the extended theory.
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