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ABSTRACT  
 

In 1873, Ernst Abbe found a diffraction limited resolution of about 200 nm for conventional optical 
microscopes. Many methods to overcome the limit (super-resolution) have been developed. Recently, a general 
super-resolution imaging method was developed based on the theory of linear shift-invariant (LSI) system and 
modulation of the system point-spread-function (PSF) (Lu, IEEE TUFFC, Jan. 2024), which has broad applications 
in various disciplines of science, engineering, and medicine. In this paper, focused shear waves generated remotely 
by radiation force were studied comprehensively via theoretical analyses and computer simulations to modulate the 
imaging waves or the PSF of imaging systems such as those of B-mode and photoacoustics for super-resolution 
imaging. A method to reduce sidelobes and thus increase the contrast of super-resolution images was developed. 
Atomic imaging with small physical particles such as optically opaque ions was suggested. It is found that focused 
shear waves can be produced with an annular, 2D, or 1D array transducer; with a conventional focused beam; or 
even with local vibration sources. Also, they can resonate to increase signal-to-noise ratio (SNR). This study paves a 
way for super-resolution imaging of mechanical properties (shear-wave amplitude, speed, spectrum, and 
nonlinearity) of biological soft tissues deep in the body.  
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1.INTRODUCTION  
 

In 1873, Ernst Abbe found that the conventional optical microscopes have a diffraction limited resolution of 
about 200 nm [1]. Methods to overcome the limit (super-resolution) have been developed [2]-[12], including the 
1994 stimulated emission depletion (STED) [13] and 2006 photoactivated localization microscopy (PALM) [14] that 
won the 2014 Nobel Prize in Chemistry. Recently, a general super-resolution imaging method was developed by the 
author based on the theory of linear shift-invariant (LSI) system and modulation of the system point spread function 
(PSF) [15]. Since many practical imaging systems are LSI or can be approximated as an LSI system, the method can 
have broad applications in various disciplines of science, engineering, and medicine [15]-[18]. In this paper, focused 
shear waves were studied in details as modulators both theoretically and with computer simulations for low-sidelobe 
and high-contrast super-resolution imaging of mechanical properties (shear-wave amplitude, speed, spectrum, and 
nonlinearity) of biological soft tissues deep in the body if the half wavelength of the shear waves is smaller than the 
size of the PSF. The focused shear waves can be produced remotely by focused Bessel (forming a cylindrical ring of 
radiation force [19]-[21]) or cosine [22] (forming plates of radiation force) beams with an annular (can be steered 
mechanically [20]), 2D, or 1D array transducer or produced locally by other vibration sources to modulate the 
imaging waves or the PSF of imaging systems such as pulse-echo B-mode, photoacoustic [23], and non-destructive 
evaluation (NDE) [24] imaging. Note that since the conventional focused plane wave is a special case of the focused 
Bessel or cosine beam with their scaling parameters set to zero [20], it also can be used to produce focused shear 
waves for super-resolution imaging, which minimizes the effects of shear wave attenuation [25]. Also, the focused 
shear waves can produce high resonance peaks under certain boundary conditions, which increases shear-wave 
amplitude for imaging of nonlinear properties of objects and improving the signal-to-noise ratio (SNR) of the 
imaging systems. Such boundary conditions can be realized with phased-locked radiation force [26], fixed amplitude 
or stress at the boundaries, or other mechanisms [27]. Finally, the sensitivity and dynamic range of the imaging 
systems, and thus the resolution of super-resolution images, can be greatly increased if the imaging waves 
modulated at different times can interfere coherently before being detected using the block diagram in the lower-left 
corner of Fig. 1 (also see P. 167 of Ref. [15]). In addition to the focused shear waves, the modulators can be small 
physical particles such as nanoparticles (or may be optically opaque ions for atomic imaging) [15].  

2. THEORETICAL PRELIMINARIES  
A. NAVIER-CAUCHY EQUATION FOR ISOTROPIC AND LINEAR ELASTICITY  
 

The Newton's second law for a small volume of material (equation of motion) is given by [27]:  

 
2

2

'( ; )( ; ) ( ; ) '( ; )ρ ∂ = ∇ ⋅ +
∂
s r tr t r t q r t

t
σ , (1)  

where ( ; )ρ r t  is density (kg/m3), '( ; )s r t  is displacement in meter (m), “ ∇ ⋅ ” is the divergence in terms of r , 
( ; )r tσ  is a stress tensor (Pascal or Pa or N/m2), '( ; )q r t  is a force per unit volume or volumetric force (N/m3), 

0 0( , , )=r x y z  is a spatial position in rectangular coordinates (see Fig. 1), and t  is the time. According to Hooke’s 
Law (stress-strain relationship) in isotropic linear elastic media, we have [27]:  

 ( ; ) [ '( ; )] 2 ( ; )γ μ= ∇ ⋅ +r t s r t r tσ I ε , (2)  

where γ  (N/m2) is the first Lame constant, μ  (N/m2) is the second Lame constant or shear module, I  is a unit 
(identity) tensor, and ( ; )r tε  is a strain tensor (a relative dimension change):  

 ( ; ) { '( ; ) [ '( ; )] }/ 2= ∇ + ∇ Tr t s r t s r tε , (3)  

where ∇  is a gradient in terms of r , and T  means transpose. Inserting Eqs. (2) and Eq. (3) into Eq. (1), we obtain 
the Navier-Cauchy equation for isotropic and linear elasticity if the media is approximately incompressible (i.e., 

'( ; ) 0∇ ⋅ ≈s r t , in media such as biological soft tissues):  

 
2

2
2

2 2

'( ; )( ; ) { [ '( ; )] 2 ( ; )} '( ; ) [ '( ; )] '( ; ) [ '( ; )] '( ; )

'( ; ) ( ) [ '( ; )] '( ; ) '( ; ) '( ; )

ρ γ μ γ μ μ

μ γ μ μ

∂ = ∇ ⋅ ∇ ⋅ + + = ∇ ∇ ⋅ + ∇ + ∇ ∇ ⋅ +
∂

= ∇ + + ∇ ∇ ⋅ + ≈ ∇ +

s r tr t s r t r t q r t s r t s r t s r t q r t
t

s r t s r t q r t s r t q r t

I ε  (4)  
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or  

 
2 2

2 2
2 2 2

1 '( ; ) '( ; ) 1 '( ; ) '( ; )'( ; ) '( ; )
/ ( ; ) ( ; )μ ρ μ μ

⇒
∂ ∂∇ − = − ∇ − = −

∂ ∂s

s r t q r t s r t q r ts r t s r t
r t t c r t t

, (5)  

where ( ; ) / ( ; )μ ρ=sc r t r t  is the shear wave speed (m/s), where the subscript “ s ” means shear wave.  
In cylindrical coordinates, Eq. (5) is given by:  

 
2 2 2

0 0
0 0 02 2 2 2 2

0 0 0 0 0

1 1 1 ( , , ; )( ) ( , , ; )
( ; )

φφ
φ μ

⎡ ⎤∂ ∂ ∂ ∂ ∂+ + − = −⎢ ⎥∂ ∂ ∂ ∂ ∂⎣ ⎦s

q r z tr s r z t
r r r r z c r t t

, (6)  

where 0 0( , , ; ) '( ; )φ =s r z t s r t , 0 0( , , ; ) '( ; )φ =q r z t q r t , 2 2
0 0 0= +r x y  is the radial distance, 0φ  is the azimuthal angle, 

0 0 0cos( )φ=x r , 0 0 0sin( )φ=y r , 0 0 0 0( cos( ), sin( ), )φ φ=r r r z .  
 

B.SOLUTIONS TO THE WAVE EQUATION  

I. SHEAR WAVE PRODUCTION WITH CYLINDRICAL RING OF RADIATION FORCE  

a. Solutions by Directly Solving the Wave Equation:  

Assuming that ( ; ) =s sc r t c  is a constant (which means that ( ; )ρ r t  is a constant if μ  is a constant), the shear 
wave displacement 0 0( , , ; )φs r z t  and the external volumetric force 0 0( , , ; )φq r z t  are not a function of both 0φ  and z , 
and these vectors have only the z  component, i.e., 0 0

0 0 0 0 0( , , ; ) ( , , ; ) ( ; )φ φ= =s r z t s r z t z s r t z  and 
0 0

0 0 0 0 0( , , ; ) ( , , ; ) ( ; )φ φ= =q r z t q r z t z q r t z , where 0z  is a unit vector in z , Eq. (6) can be simplified:  

 
2

0
0 02 2

0 0 0

1 1 ( ; )( ) ( ; )
μ

⎡ ⎤∂ ∂ ∂− = −⎢ ⎥∂ ∂ ∂⎣ ⎦s

q r tr s r t
r r r c t

. (7)  

If the external volumetric force is sinusoidal with frequency, sf  (angular frequency 2ω π=s sf ), i.e., 

0 0( ; ) ( ) ω−= si tq r t Q r e  and 0 0( ; ) ( ; ) ωω −= si t
ss r t S r e , where 1= −i , the subscript “ s ” of sf  and ωs  represents shear 

wave, and the amplitude of the volumetric force is uniform within the cylindrical ring, i.e., 0 0( ) =Q r Q  is a constant 
for 1 0 20 < ≤ ≤d r d , and 0( ) 0=Q r  elsewhere, Eq. (7) becomes the following inhomogeneous Helmholtz equation:  

02 2
1 0 220 0 0

0 0 02 2 2
0 0 0 0 0 0

, 01 1 ( ) ( ; ) 1 ( ; )( ) ( ; ) ( ; )
0, Otherwise

ω
ω ω ωω ω μ

μ

−
−

⎧− < ≤ ≤⎡ ⎤∂ ∂ ∂ ⎪− = − + + = ⎨⎢ ⎥∂ ∂ ∂⎣ ⎦ ⎪⎩

⇒
s

s

i t
i t s s

s s s
s

Q d r dQ r e d S r dS rr S r e k S r
r r r c t dr r dr

,(8)  

where 1d  and 2d  are the inner and outer radii of the cylindrical ring respectively, and /ω=s s sk c  is the wave 
number of the shear wave ( sk  is a complex number if there is attenuation). General solutions to Eq. (8) can be 
obtained by getting a general solution to the homogeneous Helmholtz equation (setting the right hand side of Eq. (8) 
to zero) plus a specific solution to the inhomogeneous Helmholtz equation. Letting 0 0ξ = sk r  and 

0 0( ; ) '( ; )ω ξ ω=s sS r S , the homogeneous Helmholtz equation in Eq. (8) becomes a zeroth-order Bessel equation:  

 
2 2

2 2 2 2 20 0 0 0
0 0 0 0 0 0 0 02 2

0 0 0 0

( ; ) ( ; ) '( ; ) '( ; )( ; ) 0 '( ; ) 0ω ω ξ ω ξ ωω ξ ξ ξ ξ ω
ξ ξ

⇒+ + = + + =s s s s
s s s

d S r dS r d S dSr r k r S r S
dr dr d d

. (9)  

Thus, the general solutions to Eq. (8) are given by linear combinations of zeroth-order Bessel functions:  

 
0 0 0 0 1

2
0 0 0 0 0 0 0 0 0 1 0 2

(1)
0 0 0 0 2

( ), 0
( ; ) '( ; ) ( ) ( ) /( ),

( ),
ω ξ ω μ

≤ <⎧
⎪= = + − ≤ ≤⎨
⎪ >⎩

s

s s s s s

s

A J k r r d
S r S B J k r C Y k r Q k d r d

D H k r r d
, (10)  

where 2
0 /( )μ− sQ k  is a specific solution to Eq. (8) in the region 1 0 2≤ ≤d r d , 0 0( )sJ k r  and 0 0( )sY k r  are the zeroth-

order Bessel functions of the first and second kind respectively ( 0 0( )sY k r  is also called zeroth-order Neumann 
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function), and (1)
0 0 0 0 0 0( ) ( ) ( )= +s s sH k r J k r iY k r  is the zeroth-order Hankel function of the first kind for an outgoing 

wave since its asymptotic behavior is 0( / 4)(1)
0 0 0( ) 2 /( ) ππ −→ si k r

s sH k r k r e  as 0 → ∞sk r . Note that the coefficient of 

0 0( )sY k r  for 0 1<r d  is set to zero in Eq. (10) (i.e., 0 0 0 0( ; ) ( )ω =s sS r A J k r ) since 0 0| ( ) |→ ∞sY k r  as 0 0→r . As for 

0 2>r d , (1)
0 0( )sH k r  instead of 0 0( )sJ k r  and 0 0( )sY k r  is used because the latter two represent standing waves.  

Applying the continuity boundary conditions on both the displacement and stress (proportional to the radial 
derivative of the displacement according to the Hooke’s law in isotropic linear elastic media) in Eq. (10), we have:  

 

0 1 0 1

2
0 1 0 0 1 0 0 1 0 0 1 0

0 1 0 0 0 0 0 0 0 0 0 0 0

0 2

(1)  At  (Displacement Continuity) : ( ) ( ) ( ) /( )
(2)  At  (Radial Stress Continuity) : [ ( )]/ | [ ( ) ( )]/ |
(3)  At  (Disp

μ

= =

= = + −
= = +

=

s s s s

s r d s s r d

r d A J k d B J k d C Y k d Q k
r d d A J k r dr d B J k r C Y k r dr

r d

0 2 0 2

2 (1)
0 0 2 0 0 2 0 0 0 2

(1)
0 2 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0

lacement Continuity) : ( ) ( ) /( ) ( )
(4)  At  (Radial Stress Continuity) : [ ( ) ( )]/ | [ ( )]/ |

(1)  ( ) (

μ

= =

⎧
⎪
⎪
⎨

+ − =⎪
⎪ = + =⎩

−⇒

s s s s

s s r d s r d

s s

B J k d C Y k d Q k D H k d
r d d B J k r C Y k r dr d D H k r dr

A J k d B J k d 2
1 0 0 1 0 0 1 1 0 1 1 0 1 1

(1) 2 (1)
0 0 2 0 0 2 0 0 2 0 0 1 2 0 1 2 0 1 2

) ( ) /( );       (2)  ( ) ( ) ( ) 0;
     (3)  ( ) ( ) ( ) /( );    (4)  ( ) ( ) ( ) 0

μ
μ

− = − − − =

+ − = + − =
s s s s s

s s s s s s s

C Y k d Q k A J k d B J k d C Y k d
B J k d C Y k d D H k d Q k B J k d C Y k d D H k d

. (11)  

Eq. (11) can be written in a matrix form, i.e.:  

 

2
0 1 0 1 0 1 0 0

1 1 1 1 1 1 0
(1) 2

0 2 0 2 0 2 0 0
(1)

1 2 1 2 1 2 0

( ) ( ) ( ) 0 /( )
( ) ( ) ( ) 0 0,  ,  

0 ( ) ( ) ( ) /( )
0 ( ) ( ) ( ) 0

μ

μ

− − ⎡ ⎤⎡ ⎤ ⎡ ⎤ −
⎢ ⎥⎢ ⎥ ⎢ ⎥− − ⎢ ⎥⎢ ⎥ ⎢ ⎥= = = = ⎢ ⎥⎢ ⎥ ⎢ ⎥−
⎢ ⎥⎢ ⎥ ⎢ ⎥

− ⎢ ⎥⎣ ⎦ ⎦ ⎦

⇒

⎣ ⎣

s s s s

s s s

s s s s

s s s

J k d J k d Y k d A Q k
J k d J k d Y k d B

J k d Y k d H k d C Q k
J k d Y k d H k d D

Ax b A x b . (12)  

Solving Eq. (12), we obtain the coefficients 0 0 0 0, , ,  and A B C D  of the shear wave in Eq. (10):  

 

(1) (1) (1)
0 0 2 1 2 1 1 1 0 0 2 1

(1)
0 0 1 1 1 2 1 2

1
0 0 1 1 1

0 0 1 1 1 2 1 2

[ /(2 )][ ( ) ( )] [ /(2 )] (
[ /(2 )][ ( ) ( )]

    If 0 :  
[ /(2 )] ( )
[ /(2 )][ ( ) ( )]

π μ π μ
π μ
π μ
π μ

⎧ = − =
⎪ = − +⎪ =⎨ =⎪
⎪ = − +⎩

⇒

s s s s s

s s s

s s

s s s

A i Q k d H k d d H k d A i Q k d H k
B i Q k d J k d d H k d

d
C Q k d J k d
D i Q k d J k d d J k d

2

0 0

0

0 0 2 1 2

)

0
[ /(2 )] ( )π μ

⎧
⎪ =⎪
⎨ =⎪
⎪ =⎩ s s

d
B A
C
D i Q k d J k d

. (13)  

If 1 0=d , the shear wave in Eq. (10) is given by:  

 
2 (1) 2

0 0 0 0 0 2 1 2 0 0 0 0 2
0 (1) (1)

0 0 0 0 2 1 2 0 0 0 2

( ) /( ) [ /(2 )] ( ) ( ) /( ), 0
( ; )

( ) [ /(2 )] ( ) ( ),
μ π μ μω

π μ
⎧ − = − ≤ ≤⎪= ⎨ = >⎪⎩

s s s s s s
s

s s s s

B J k r Q k i Q k d H k d J k r Q k r d
S r

D H k r i Q k d J k d H k r r d
. (14)  

Eq. (14) is important since it shows that a modulator (focused shear wave) also can be produced using a 
conventional focused beam (see Figs. 1(c) and 1(d) when 2 1<t t ), which may be ignored previously in shear-wave 
imaging using radiation forces [25][28]. In this case, the same conventional focused transducer can be used to 
produce both shear wave and imaging wave, which may simplify the imaging systems. Also, because the 
propagation distance of the shear wave is minimized and thus the effects of shear-wave attenuation is reduced, shear 
wave of a higher frequency can be used to further increase the image resolution. However, since the focal area of the 
shear wave overlaps with the area of radiation force ( 2

0 /( )μ− sQ k  in Eq. (14)), there may be interference between 
them, although it is possible to remove such interference in the image reconstructions (see Fig. 1).  

From Eq. (13), it is clear that at certain shear-wave frequencies (related to sk ) or radii ( 1d  and 2d ) of the 
cylindrical ring, the coefficients of the shear wave will have peaks (constructive interferences), i.e., the shear wave 
can resonate, boosting the amplitude of the shear wave 0( ; )ωsS r  in Eq. (10) and increasing the phase shift to the 
imaging waves, which will increase the signal-to-noise ratio (SNR) of the super-resolution imaging [15]. Note that a 
Fabry–Perot type of resonance [29] can be established in a uniform media by a cylindrical ring of radiation force if 
the force could form a partially reflective boundary of effective stiffness discontinuities caused by localized 
oscillatory stresses (for simplicity, the effective stiffness discontinuities, if there are any, were not considered in Eq. 
(10)) to further increase the SNR of super-resolution imaging [15]. To produce a stronger Fabry-Perot resonance, the 
radiation force can be phase locked with the shear wave it produced through a feedback mechanism [26]. A strong 
resonance can increase the nonlinear components of the shear wave, which can be used for tissue identification to 
distinguish between malignant and benign tissues without biopsies in super-resolution imaging.  
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To reduce sidelobes of super-resolution images, the imaging waves modulated by two shear waves produced at 
two moments of time, 1t  and 2t , before and after an interference peak is formed at the ring center can be subtracted, 
where 2 1| | 1/− = st t f  should be one shear-wave period, as illustrated in Figs. 1(c) and 1(d), and Fig. 2. Note that the 
sensitivity and dynamic range, and thus the resolution of super-resolution imaging, can be greatly increased if the 
modulated imaging waves can interfere coherently before being detected (see the block diagram in lower-left corner 
of Fig. 1 and P. 167 of Ref. [15]), where the modulators can be either the focused shear waves or small physical 
particles (such as nanoparticles or may be optically opaque ions for atomic imaging) [15].  

 

 
Fig. 1. Generation of shear waves for modulation of the 

phase of the point spread function (PSF) of an imaging 
system (such as pulse-echo and photoacoustic [23] 
imaging) for super-resolution imaging [15]. (a) A focused 
Bessel beam (or its piecewise or binary approximation) 
produced by an annular array or a two-dimensional (2D) 
array transducer is used to generate a cylindrical ring of 
radiation force at the focal distance (see experiment 
results in Ref. [30]). (b) A focused cosine beam (or its 
piecewise or binary approximation) produced by a one-
dimensional (1D) array transducer is used to obtain two 
plates of radiation force at the focal distance. (c) A 
circular low-sidelobe sharp interference peak (right) is 
produced by subtracting two shear waves generated by 
an annular or 2D array transducer in (a) at two moments 
of time t1 (middle) and t2 (left) to obtain a net modulation 
of the imaging wave for low-sidelobe super-resolution 
imaging of mechanical properties (shear-wave amplitude, 
speed, spectrum, and nonlinearity) of the object. (d) 
Same as (c) except that the shear waves are produced by 
a focused cosine beam with a 1D array transducer in (b). 
Note that if the pink delay-subtraction unit at the lower-left 
corner of the figure can be used to interfere coherently for 
either ultrasound or optical waves modulated by the shear 
waves obtained in either (a) or (b) before being detected, 
the sensitivity and dynamic range of the super-resolution 
imaging system can be greatly increased (Fig. 9 and 
Page 167 of Ref. [15]). Such an increase in sensitivity 
may make atomic imaging possible using opaque ions as 
modulators in an optical imaging system (see the 
interferometer on Page 167 of Ref. [15]). Also, the shear 
waves in (c) and (d) may resonate to boost wave 
amplitude or signal-to-nose ratio (SNR) under certain 
boundary conditions such as those produced with a 
phase-locked radiation force [26]. However, in this case, 
the sidelobes of the cosine shear wave may be high and 
thus a computerized tomography (CT) method using the 
resonant cosine shear waves at different azimuthual 
angles as projections may be needed to reconstruct a 
super-resolution image. Also note that, in (c) and (d), if t2 
> t1, the radiation force ring in (a) or plates in (b) are 
needed to obtain a sharp peak. If t2 < t1, scaling 
parameter α in the Bessel and cosine aperture weightings 

can be set to zero (i.e., the radius or distance d1 is zero) 
to produce conventional focused beams for super-
resolution imaging. In this case, the effects of shear wave 
attenuation can be reduced since the shear wave 
propagation distance is minimized. However, the 
sidelobes of the subtracted shear waves may be higher 
because there may be interference between the shear 
waves ((c) or (d)) and a displacement produced by the 
radiation force in the focal region of the transducers. To 
form a super-resolution image, if an annular array in (a) is 
used, the mechnical scanning system in Figs. 7 and 8 of 
Ref. [20] can be used. However, if a 2D array in (a) or a 
1D array in (b) is used, the beams can be steered 
electronically to form super-resolution images.  

 

 
Fig. 2. Shear waves for low-sidelobe super-resolution 

imaging (also see Figs. 1(c) and 1(d)) (shear waves 
within and outside of the ring or plates are not included 
since they are irrelevant, and  shear-wave attenuation is 
not considered). (a) Results obtained with a focused 
Bessel beam transducer (annular or 2D array in Fig. 
1(a)). (b) Results obtained with a focused cosine beam 
transducer (1D array in Fig. 1(b)). Solid lines (black) are 
shear waves at a moment of time before an interference 
peak is formed. Dashed lines (blue) represent shear 
waves at another moment of time when the interference 
peak is formed. Dotted lines (red) are standing waves 
whose peak amplitudes depending on boundary 
conditions at d1 and d2 in Fig. 1 (d = (d1+d2)/2 and (d2-d1) 
= FWHM of the radiation force) and shear-wave 
frequency. Dash-dotted lines (pink) shows the pulse-echo 
(two-way) PSF of the imaging system (for photoacoustic 
imaging, the PSF will be wider since it only has one-way 
focusing). It is clear that with the parameters given in the 
figure, super-resolution images can be obtained at a deep 
depth (z = F = 100 mm).  
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b. Solutions Using Green’s Function:  

Alternatively, the solutions to Eq. (8) can be obtained with the Green’s function method [31]. Assuming that an 
external line source (along the z  direction) is located at ( ', ')x y  point in rectangular coordinates or located at the 
corresponding ( ', ')φr  point in cylindrical coordinates, i.e., the line source is given by a Delta function (note that the 
dimension of a Delta function is an inversion of its argument) [32]:  

 0( ')0 0
0 0 0 0 0

0 0

( ') ( ') 1( ', ') ( ') ( ') ( ') [ ]
2

φ φδ δδ δ δ δ φ φ
π

∞
−

=−∞

− −− − = − − = − = ∑ in

n

r r r rx x y y x x y y e
r r

, (15)  

where the periodic function 0( ')δ φ φ−  is expanded as a Fourier series. Replacing the right hand side term of Eq. (8) 
with Eq. (15) and adding a negative sign, we have:  

 0

2 2
( ')2 0

02 2 2
0 0 0 0 0 0

1 1 ( ') 1( ) ( , '; ) [ ]
2

φ φδω
φ π

∞
−

=−∞

∂ ∂ ∂ −+ + + = −
∂ ∂ ∂ ∑ in

s s
n

r rk G r r e
r r r r r

, (16)  

where 0( , '; )ωsG r r  is the Green’s function of Eq. (8), which is produced by a cylindrical ring source of an infinitely 
small ring width and an infinitely large amplitude at the ring radius 'r . Since the right hand side of Eq. (16) has a 
dimension of inverse of length squared, in this case, 0( , '; )ωsG r r  is dimensionless. Expanding 0( , '; )ωsG r r  as a 
Fourier series in terms of 0 'φ φ− , and then inserting the expansion into Eq. (16), we have:  

 
0 0

2 2
( ') ( ')2 0

02 2 2
0 0 0 0 0 0

2 2
2 0

02 2
0 0 0 0 0

1 1 ( ') 1( ) ( , '; ) [ ]
2

1 ( ')[ ( )] ( , '; ) ;    , , 1,0,1, ,
2

φ φ φ φδω
φ π

δω
π

∞ ∞
− −

=−∞ =−∞

∂ ∂ ∂ −+ + + = −
∂ ∂ ∂

−+ + − = − = −∞ − ∞⇒

∑ ∑in in
s n s

n n

s n s

r rk g r r e e
r r r r r

d d n r rk g r r n
dr r dr r r

. (17)  

Setting the right hand side of Eq. (17) to zero, we obtain a homogeneous Helmholtz equation (see Eq. (9)) that can 
be transformed to an nth-order Bessel equation. Thus, the general solutions to Eq. (17) are given by (see Eq. (10)):  

 0 0
0 0 (1)

0 0

' ( ), '
( , '; ) '( , '; )  ;    , , 1,0,1, ,

' ( ), '
ω ξ ξ ω

<⎧
= = = −∞ − ∞⎨ >⎩

n n s
n s n s

n n s

A J k r r r
g r r g n

D H k r r r
, (18)  

where (1)
0( )n sH k r  = 0( )n sJ k r  + 0( )n siY k r  is the nth-order Hankel function of the first kind (outgoing), and 0( )n sJ k r  

and 0( )n sY k r  (Neumann function) are the nth-order Bessel functions of the first and second kind respectively.  

Multiplying both sides of Eq. (17) with 0( ') / /μ μ=Q r Q  and then integrating both sides via ' 'r dr , we obtain a 
solution to Eq. (8) (since 0( ; )ωsS r  is independent of 0φ , thus 0=n  and the summation over n  can be removed):  

 

2 2

0 0

1 1

2

0

1

2 2
( ') ( ')2 0

02 2
0 0 0 0 0

2 2
( ')2

02 2
0 0 0 0

( ') 1 ( ') ( ') 1{ [ ( )] ( , '; ) } ' ' [ ][ ] ' '
2

1 ( ')[ ( )][ ( , '; ) ' ']

φ φ φ φ

φ φ

δω
μ μ π

ω
μ

∞ ∞
− −

=−∞ =−∞

∞
−

=−∞

⇒

−+ + − = −

+ + −

∑ ∑∫ ∫

∑ ∫

d d
in in

s n s
n nd d

d
in

s n s
n d

Q r d d n Q r r rk g r r e r dr e r dr
dr r dr r r

d d n Q rk g r r e r dr
dr r dr r

0

2

1

2 2

1 1

( ')0

2
2 0

0 02
0 0 0

0 0 0 0

( )
2

1 ( ') ( )( )[2 ( , '; ) ' '] ;    (when 0)

( ') ( ')( ; ) 2 ( , '; ) ' ' 2 ( , '; ) ' ';    (when 0)

φ φ

πμ

π ω
μ μ

ω π ω π ω
μ μ

∞
−

=−∞

= −

+ + = − =

= = =

⇒

⇒

∑

∫

∫ ∫

in

n

d

s s
d

d d

s s s
d d

Q r e

d d Q r Q rk g r r r dr n
dr r dr

Q r Q rS r g r r r dr G r r r dr n

, (19)  

where the Green’s function 0( , '; )ωsG r r  = 0 0( , '; )ωsg r r  since 0=n  (see Eq. (16)).  

Now let us find the coefficients 'nA  and 'nD  for the Green’s function in Eq. (18) when 0=n . Applying the 
continuity boundary condition for 0( , '; )ωsG r r  at 'r , we have:  

 
0 0

(1) (1)
0 0 0 ' 0 0 0 ' 0 0 0 0' ( ) | ' ( ) | ' ( ') ' ( ') 0= == − =⇒s r r s r r s sA J k r D H k r A J k r D H k r . (20)  

Integrating Eq. (17) ( 0=n ) across the boundary 'r  and then taking a limit via a real number 0σ →  (another 
boundary condition with derivative of 0( , '; )ωsG r r  and a jump at 'r ), we obtain another equation for 'nA  and 'nD :  
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' '2
20 0

0 0 0 0 0 020
0 0 0 0 0' '

' 2
' 20

0 ' 0 0 020 0
0 0'

1 ( , '; ) ( ')lim { [ ] ( ) ( , '; )} [ ]
2

( , '; ) 1lim[ ] lim [( ) ( , '; )] } ;    (Note:
2

σ σ

σ
σ σ

σ
σ
σσ σ

σ

ω δω
π

ω ω
π

+ +

→
− −

+
+
−→ →

−

−+ − = −

+ − = −⇒

∫ ∫

∫

r r
n s

s n s
r r

r
rn s
r s n s

r

d dg r r n r rr k g r r r dr r dr
r dr dr r r

dg r r nr k g r r r dr
dr r

(1)
0 0

' '0
0 0

(1) (1)
1 1 1 1

0

the second lim is 0 due to Eq. (20))

[ ( )] [ ( )] 1lim{ ' ' }
2 '

'[ ( ') ( ')]/ 2 '[ ( ') ( ')]/ 2 1/(2 ');    , , 1,0,1, ,

σ σσ π
π

+ −→

− + − +

− = −

− − + − = − = −∞ −

⇒

⇒ ∞

⇒

n s n s
n r n r

n n s n s n n s n s s

d H k r d J k rD A
dr dr r

A J k r J k r D H k r H k r k r n
A (1)

1 0 1' ( ') ' ( ') 1/(2 ');    (when 0)π− = − =s s sJ k r D H k r k r n

. (21)  

Combining Eqs. (20) and (21) and then writing them in a matrix form, we have:  

 
(1) (1)

0 0 0 0 0 0
(1) (1)

0 1 0 1 1 1

' 0' ( ') ' ( ') 0 ( ') ( ')
,  ,  

' 1/(2 ')' ( ') ' ( ') 1/(2 ') ( ') ( ') ππ
⎧ ⎡ ⎤− = − ⎡ ⎤ ⎡ ⎤⎪ = = = =⎨ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−−

⇒
= − −⎪ ⎣ ⎦ ⎣ ⎦⎩ ⎣ ⎦

⇒ ms s s s

m ss s s s s

AA J k r D H k r J k r H k r
D k rA J k r D H k r k r J k r H k r

Ax b A x b . (22)  

Solving Eq. (22), we get the coefficients:  

 

(1) (1)
0 1 0 1

(1) (1)
00 0 0

1 1 2 2(1)
11

(
0 1 0

| | ( ') ( ') ( ') ( ') 2 /( ')
( ') 00 ( ') ( ') ( ')| | ;     | |
( ') 1/(2 ')2 ' 2 '1/(2 ') ( ')

' / [1/(2 ')]

π

ππ ππ

π

Δ = = − =

−
Δ = = = − Δ = = = −

−−

= Δ Δ = −

s s s s s

ss s s

s ss ss s

s

H k r J k r J k r H k r i k r

J k rH k r H k r J k r
J k r k rk r k rk r H k r

A k r H

A

A A

1) (1) (1)
0 0

0 2 0 0 0

( ') / [1/(2 ')] ( ') /[2 /( ')] ( / 4) ( ')
' / [1/(2 ')] ( ') / [1/(2 ')] ( ') /[2 /( ')] ( / 4) ( ')

π π
π π π

Δ = − =
= Δ Δ = − Δ = − =

s s s s s

s s s s s s

k r k r H k r i k r i H k r
D k r J k r k r J k r i k r i J k r

. (23)  

From Eqs. (18), (19), and (23), the final solution is given by:  
2

1

02 2

1 1 0

2

1

(1)
0 0 0 0 0 1

(1) (1)
0 0 0 0 0 0 0 0 0 0 1 0 2

(1)
0 0 0 0

[ ( ') ' '] ( ),
2

( ')( ; ) 2 ( , '; ) ' ' {[ ( ') ' '] ( ) [ ( ') ' '] ( )},
2

[ ( ') ' '] ( )
2

π
μ

πω π ω
μ μ

π
μ

<

= = + ≤ ≤

∫

∫ ∫ ∫

d

s s
d

rd d

s s s s s s
d d r

d

s s
d

i Q H k r r dr J k r r d

Q r iS r G r r r dr Q J k r r dr H k r Q H k r r dr J k r d r d

i Q J k r r dr H k r 0 2,

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪ >⎪
⎩

∫ r d

.(24)  

It can be proved that Eq. (24) is exactly the same as Eq. (10) since (1) (1)
0 1( ) ( )=∫H x xdx xH x  and 

0 1( ) ( )=∫ J x xdx xJ x . Thus, there will be resonant peaks or constructive interference at certain sk  and dimensions of 

the ring as mentioned above. However, unlike Eq. (10), Eq. (24) is more general since ( ')Q r  in Eq. (8) can be any 
well-behaved function within the ring 1 0 20 < ≤ ≤d r d , which is the case for a remotely generated radiation force, 
although more computations are needed for the integrations in Eq. (24) if ( ')Q r  is not a constant.  

c. Resonance Gain:  

The shear wave in free space (no resonance) can be obtained by getting a particular solution to Eq. (8) but 
without the boundaries at 1d  and 2d  (i.e., 0 0( ) ≡Q r Q  for all 0r ):  

 2
0 0( ; ) /( )ω μ= −ref s sS r Q k , (25)  

where the subscript “ ref ” means “reference”. The resonance gain of the shear wave at 0 0=r  is given by [33]:  

 
0 0

2
0 0 0 0 0

02
0 0 0 00 0

( ; ) ( )( )
( ; ) ( ; ) /( )

ω μ
ω ω μ

= =

= = = =
−

s s s
s

ref s ref s sr r

S r A J k r A kE k A
S r S r Q k Q

, (26)  

which is a ratio between the amplitude of the shear wave (see Eqs. (10) and (13)) produced by a cylindrical ring of 
external force and the amplitude of the reference shear wave in Eq. (25) at the center of the ring.  

Fig. 3(a) shows a plot of ( )sE k  versus the shear-wave frequency /(2 )π=s s sf k c . It is clear that shear wave 
resonates at specific frequencies and the peak of the resonance gain increases with the frequency. From Eqs. (13) 
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and (26), it can be shown that ( )sE k  also increases with the size of the ring ( 1 2( ) / 2= +d d d ) and the number of 
peaks of  ( )sE k  is reduced as the ring width 2 1−d d  decreases.  

 

 
Fig. 3. Theoretical resonance gains of shear waves over 

frequency without attenuation. (a) Resonance gain of the 

shear wave produced by a cylindrical ring of radiation 
force (see Fig. 1(a)). (b) Resonance gain of the shear 
wave produced by two plates of radiation force (see Fig. 
1(b)). Solid lines (black) represent the results of the 
continuity boundary conditions at both d1 and d2 (see Fig. 
1). Dotted (red) and dashed (blue) lines are resonance 
gains of the shear waves produced with a constant 
amplitude and shear stress at the boundary d1 
respectively. In these cases, the resonance gain at some 
frequencies can be infinity. A large resonance gain 
increases the SNR of imaging systems. The parameters 
used are given in the figure.  

 

d. Radiation Force of Longitudinal Wave Produced by a Focused Bessel Beam at Its Focus:  

If 0r a  (paraxial condition), the ultrasound longitudinal-wave pressure produced by a focused transducer 
(radius a ) weighted with an nth-order Bessel function 1( )αnJ r , where 0α ≥  is the scaling parameter and 

2 2
1 1 1= +r x y  is the radial distance of a point 1 1( , )x y  on the transducer aperture, is given by (see Eqs. (31) and (32) 

of Ref. [21], P. 943 of Ref. [34], and P. 661 of Ref. [35]):  

 
2

02
0 0 1 0( , , ; ) (1 ) (2 { ( )}( )

2
φλω π α

λ π
−Φ = = +

n

kikF i r n inF
B n n

e ix y z F e i e J r k
i F F

)H , (27)  

where the subscript “ nB ” means nth-order Bessel beam, n  is an integer, F  is a focal distance, 2ω π= f  is an 
angular frequency, f  is the frequency, / 2 /ω π λ= =k c  is the wavenumber, λ  is the wavelength, c  is the speed 
of sound, 0 0 /=k kr F , 0r  is the radial distance from the beam axis at the focal distance, φ  is an azimuthal angle, 
and 1 0{ ( )}( )αn nJ r kH  is a Hankel transform of 1( )αnJ r : (see Eq. (32) of Ref. [21], P. 619 of Ref. [34], and P. 664 of 
Ref. [35]):   

 

2 0 1 0 1 0
02 2

01 0 1 0 1 1 1
0 2 2

2 1 1
0

( ) ( ) ( ) ( ) ( ) ( ) ,
( ) ( ){ ( )}( ) { ( )} ( )

 
( )[ ( ) ( )] 2 ( ) ( ) ,      (where , , 1,0,1, , )

2( )

α α α α
αα α

α α α α α α
α

+ +

+ +

−⎧ ≠⎪ −= = ⎪
⎨

+ −⎪ == −∞ − ∞ ⎪⎩

∫
n n n na

n n n n

n n n n

a J k a J a k a J a J k aa k
a k aJ r k J r J k r r dr

a J a J a nJ a J aa kn
a

H . (28)  

At 0 α=k , there is a peak in Eq. (28) (see Figs. 4 and 5), which means that the sound pressure produced by a 
focused Bessel transducer is a cylindrical ring of a radius of 0 /α=r F k  and the ring thickness becomes zero as 

→ ∞a  (see Eqs. (31) and (32) of Ref. [21]). If 0=n , Eq. (28) becomes:  

 

2 0 0 1 0 0 1 0
02 2

0
2 2

2 0 1
0

0 0 1 0
2

0

2 20 1 0 0
0 0 0

0

( ) ( ) ( ) ( ) ( ) ( ) ,
( ) ( )

( ) ( ) ,
2{ ( )}( )

1 Jinc( ), 0
2

( ) 2 ( ) ( )[ ] Jinc( ),  and ( ) 0
2 ( ) 2

α α α α
α

α α α
α

α

α α α α

−⎧ ≠⎪ −⎪
⎪ + =⎪⎪= ⎨
⎪ =⎪
⎪
⎪≈ = ≠
⎪⎩

a J k a J a k a J a J k aa k
a k a

J a J aa k
J r k

a a k

J a J k a J aa a k a k J a
k a

H . (29)  

From Eq. (29), it is clear that the asymptotic behavior ( 0 αk  and 0 0=k ) of the sound pressure in Eq. (27) from 
the peak pressure on the ring is similar to a Jinc function (defined as 1Jinc( ) 2 ( ) /=x J x x ), which is similar to the 
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beam profile of a focused plane wave produced by a disk transducer of a radius a . I.e., if 0α =  in Eqs. (27) and 
(29), we have (see Eqs. (35) and (36) of Ref. [21], and Eqs. 2-35 and 4-31 of Ref. [31]):  

 
2

0 22
0 0 0( , , ; ) (1 ) [ Jinc( )]

2
λω π

λ π
Φ = = +

kikF i r
F

P
e ix y z F e a k a
i F F

, (30)  

where the subscript “ P ” means “plane wave”. At 0 0=k , i.e., at the center of the ring 0 0=r , Eq. (29) is given by 
2( / 2)Jinc( )αa a . Thus, to produce a ring of radiation force where the sound pressure is 0 at 0 0=r , which is 

desired, αa  should be chosen so that Jinc( )αa  (or 1( )αJ a ) is zero, i.e., α  = 3.8317/ a , 7.0156/ a , 10.1735/ a , 
13.3237/ a , and 16.4706/ a , etc.  
 

 
Fig. 4. Radiation forces produced by (a) a focused Bessel 

beam transducer (see Fig. 1(a)) and (b) a cosine beam 
transducer (see Fig. 1(b)). Solid lines (black) were 
obtained theoretically with the Rayleigh-Sommerfeld 
diffraction formula. Dotted lines (red) are the results of 
computer simulations with an exact Bessel or cosine 
aperture weighting. Dashed lines (blue) are the same as 
dotted lines except that a piecewise (binary) aperture 
weighting was used to increase transmit power. The 
parameters used are shown in the figure. An experiment 
result of the radiation force using a focused Bessel beam 
can be found in [30].  

 

 
Fig. 5. Simulated radiation forces of the same parameters as 

those used in Fig. 4. (a) and (b) are transverse (x-y plane 
at z = 100 mm, see the vertical pink line) and axial (x-z 
plane from z = 0 to 200 mm) profiles, respectively, of the 
radiation force produced by a focused Bessel transducer 
(see Fig. 1(a)) with an exact aperture weighting. (c) and 
(d) are the same as (a) and (b) respectively except that a 
piecewise (binary) aperture weighting is used to increase 
transmit power. (e) to (h) are the same as (a) to (d) 
respectively except that a focused cosine transducer (see 
Fig. 1(b)) is used. The color bar shows normalized beam 
intensity or radiation force.  

 
Using Eqs. (27)-(29), the radiation force, i.e., the body force 0( )Q r  in Eq. (8) or Eq. (24) on the cylindrical ring 

can be calculated since the radiation force is proportional to the intensity or the square of the magnitude of the sound 
pressure, 2

0 0| ( , , ; ) |ωΦ =
nB x y z F . Thus, the full-width-at-half-maximum (FWHM) width of the cylindrical ring of 

the body force is determined by the square of the Jinc function in Eq. (29), i.e., 2
02 1.029 /λ= ≈FWHMPR r F D , as 

explained in the paragraph below Eq. (37) of Ref. [21] since 2Jinc (1.61633) 0.5=  and thus 0 1.61633 /( )=r F ka  = 
(1.61633/ ) /π λF D , where 2=D a  is the diameter of the transducer. FWHMR  in 2

FWHMPR  means the FWHM 
resolution, the superscript “2” means “squared”, and the prefix P  means focused “plane wave”.  

Assuming F  = 100 mm, D  = 25 mm, f  = 3.5 MHz, and c  = 1500 m/s, then /λ = c f  = 0.4286 mm and 
2
FWHMPR  = 1.764 mm. If we choose the radius of the ring corresponding to one of the zeros (such as the second zero) 

of the 1( )αJ a  function, /α=d F k  = 7.0156 /( )F ka  = 3.8282 mm, we obtain 2
1 ( / 2)= − FWHMd d PR  = 2.9462 mm 

and 2
2 ( / 2)= + FWHMd d PR  = 4.7102 mm for Eq. (10). To produce a ring of radius d , the scaling parameter of the 

Bessel beam should be α  = 7.0156 / a  = /kd F = -10.5612 mm . Given these parameters, a line plot of the radiation 
force through the diameter of the ring is give in Fig. 4(a) with 0=n  (Figs. 5(a) to 5(d) are the corresponding cross 
sections of the radiation force). To increase the total transmission energy and thus increase the radiation force on the 
cylindrical ring, both a smaller ring radius and a piecewise (binary) focused Bessel aperture weighting can be used  
[19], i.e., setting 0 1( ) 1α =J r  if 0 1( ) 0α ≥J r , and 0 1( ) 1α = −J r  otherwise.  
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II. FIXED SHEAR WAVE APPLITUDE OR STRESS AT THE CYLINDRICAL RING BOUNDARY  
 

Assuming that a cylindrical ring has a radius 1 0>d  and is vibrating uniformly along z  axis at a single 
frequency with a fixed amplitude A . According to Eq. (10), the shear wave produced inside the ring is given by:  

 0 0 0 0 0 1( ; ) " ( ); where 0ω = ≤ <s sS r A J k r r d , (31)  

where 0 "A  is a coefficient to be determined with the continuity boundary condition (i.e., 0( ; )ω =sS r A  at 1d ):  

 0 0 1 0 0 0 0
0 1 0 1

" ( ) " ( ; ) ( )
( ) ( )

ω⇒ ⇒= = =s s s
s s

A AA J k d A A S r J k r
J k d J k d

. (32)  

In this case, it is easy to see that the shear wave produced inside the ring can have Fabry–Perot–type resonances 
[29], i.e., 0( ; )ω → ∞sS r  as 0 1( ) 0→sJ k d  (or when 1 2.4048→sk d , 5.5201, 8.6537 , 11.7915 , and 14.9309 , etc) at 
certain shear-wave frequencies or ring radii, and the resonance gain (normalized to A ) in Eq. (26) will be infinity if 
there is no shear-wave attenuation (see red dotted line in Fig. 3(a)). Thus, if such a boundary condition could be 
realized via methods such as phase-locked radiation force [26], a large resonance gain ( 0 1|1/ ( ) |sJ k d ) could be 
produced for studying the nonlinear properties of objects such as biological soft tissues.  

If at the boundary 1d , a harmonic shear stress is uniformly applied along the z  axis with a fixed amplitude 
1dT  

( 2/N m ), using Eq. (10), the boundary condition and the resulting shear wave inside the ring is given by:  

 1 1

0 1 1 1

0
0 1 1 0 0 0 0

0 1 1 1 1

( ; ) [ ( )] ( ; ) ( )
( ) ( )

ωμ μ ω
μ μ= = − = = − =⇒ −⇒ ⇒ d ds

r d d s s d s s
s s s s

T TdS r T A k J k d T A S r J k r
dr k J k d k J k d

. (33)  

In this case, the shear wave inside the cylindrical ring will resonate as 1 1( ) 0→sJ k d  (or when 1 0→sk d , 3.8317 , 
7.0156 , 10.1735 , and 13.3237 , etc). I.e., the resonance gain (normalized to 

1
/( )μ− d sT k ) will be 1 1|1/ ( ) |sJ k d  (see 

blue dashed line in Fig. 3(a)). The boundary conditions in Eqs. (32) and (33) can be realized by controlling how the 
force is applied remotely or locally in various applications such as NDE.  

III. SHEAR WAVE PRODUCTION WITH TWO PARALLEL PLATES OF RADIATION FORCE  

a.   Solutions to the Wave Equation:  

If the cylindrical ring in Fig. 1(a) is replaced with two infinitely large parallel plates located symmetrically 
about 0 0=x  (see Fig. 1(b)), Eq. (6) becomes a one-dimensional (1D) equation that can be used for a 1D array 
transducer commonly used in medical ultrasound imaging systems:  

 
2 2

0
02 2 2

0 0

1 ( ; )( ; )
( ; ) μ

⎡ ⎤∂ ∂− = −⎢ ⎥∂ ∂⎣ ⎦s

q x ts x t
x c x t t

. (34)  

Assuming that 0 0
0 0 0( ; ) ( ; ) ( ; ) ωω −= = si t

ss x t s x t z S x e z , 0 0
0 0 0( ; ) ( ; ) ( ) ω−= = si tq x t q x t z Q x e z , 0( ; ) =s sc x t c  is a 

constant, /ω=s s sk c , where 0 0( ) =Q x Q  is a constant for 1 0 20 | |< ≤ ≤d x d , and 0( ) 0=Q x  elsewhere, Eq. (8) 
becomes a 1D Helmholtz equation:  

 
02

1 0 220
02

0

, 0 | |( ; ) ( ; )
0, Otherwise

ω ω μ
⎧− < ≤ ≤⎪+ = ⎨
⎪⎩

s
s s

Q d x dd S x k S x
dx

. (35)  

Similar to Eq. (10), the solutions to Eq. (35) can be obtained using a general solution to the homogeneous Helmholtz 
equation plus a specific solution to the inhomogeneous Helmholtz equation:  

 
0 0

0 0

0

0 0 0 0 1 0 1
2

0 0 0 0 1 0 2 2 0 1

0 0 2 0 2

( '''/ 2) ( '''/ 2) '''cos( ),
( ; ) ''' ''' /( ), 0  or 

''' ,  or 
ω μ

−

−

⎧ + = − < <
⎪= + − ≤ ≤ ≤ − ≤ ≤ −⎨
⎪ ≤ − >⎩

s s

s s

s

ik x ik x
s

ik x ik x
s s

ik x

A e A e A k x d x d
S x B e C e Q k d x d d x d

D e x d x d
. (36)  
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Note that similar to cylindrical ring, the shear wave produced will propagate towards the axis of the transducer in 
Fig. 1(b) to form a standing wave given in Eq. (36). During the propagation, the imaging waves can be modulated at 
two moments of time as in Figs. 1(d) and Figs. 2(b) for low-sidelobe and high-contrast super-resolution imaging.  

Applying the boundary conditions of continuity of displacement and stress to Eq. (36), we have:  

 

1 1

0 0

0 1 0 1

2
0 1 0 1 0 0 0

0 1 0 0 0 0 0 0

0

(1)  At  (Displacement Continuity) : '''cos( ) ''' ''' /( )
(2)  At  (Stress Continuity) : [ '''cos( )]/ | [ ''' ''' ]/ |
(3)  At 

μ−

−
= =

= = + −
= = +

=

s s

s s

ik d ik d
s s

ik x ik x
s x d x d

x d A k d B e C e Q k
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Solving Eq. (37), we obtain the coefficients 0 0 0 0''', ''', ''',  and '''A B C D  of the shear wave in Eq. (36):  
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From Eq. (38), it is seen that at certain shear-wave frequencies (related to sk ) or plate positions ( 1d  and 2d ), the 
coefficients of the shear wave will have peaks (resonance) or zeros (anti-resonance). However, unlike the shear 
wave in a cylindrical ring, the maximum resonance gain (normalized to 2

0 /( )μ− sQ k ) at the center of the two plates 
at 0 0=x  is 2 and it does not increase as the shear wave frequency increases (see the black solid line in Fig. 3(b)).  

As mentioned before, if a Fabry–Perot type of resonance can be established, as in Eq. (32) or (33), the 
resonance gain can be very large which increases the SNR. I.e., if at the boundary 1d , the shear wave amplitude A  
is a constant, the resonance gain (normalized to A ) will be 1|1/ cos( ) |sk d  (see red dotted line in Fig. 3(b)). If a 
harmonic shear stress of a constant amplitude 

1dT  is applied at the boundary, the resonance gain (normalized to 

1
/( )μ− d sT k ) will be 1|1/ sin( ) |sk d  (see blue dashed line in Fig. 3(b)). Note that the constant displacement A  or 

shear stress 
1dT  at the boundary 1d  can be realized by controlling the force applied remotely or locally in various 

applications including NDE.  
 

b.   Radiation Force of Longitudinal Wave Produced by a Focused Cosine Beam at Its Focus:  

The longitudinal ultrasound wave pressure at the focal distance F  of a focused beam produced by a transducer 
located at the plane z  = 0 in rectangular coordinates is given by (see Eq. (28) of Ref. [21]) (Eq. 5-14 of Ref. [31]):  
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where 
0 0 /=xk kx F  and 

0 0 /=yk ky F , and 1 1 1' ( , ; )ωΦ x y  is the weighting function at the transducer aperture on the 

coordinates 1 1( , )x y  before a physical lens or an electronic focusing is applied. If the transducer is one-dimensional 
(uniform over the elevation dimension in 1y ) and is weighted with a cosine function 1cos( )α x , where 0α ≥  is the 
scaling parameter, the ultrasound beam at the focal distance is given by the following 1D Fourier transform:  
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where a  is the half width of the transducer along the 1x  direction and sinc( )x  = sin( ) /x x  is the sinc function. Eq. 
(40) has two peaks at 

0
α= ±xk  or 0 /α= ±x F k , which are symmetric about the 0 0=x . To ensure that the 

ultrasound pressure is zero at 
0

0=xk , from Eq. (40), one should choose sinc( )αa  = 0 (or, /α π= n a  where 
1, 2,3,=n ). If 0α = , we obtain focused plane wave at the focal distance of a 1D array transducer:  
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2 2
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Φ = = + = +∫ x

ak kikF ikFi x i xik xF F
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, (41)  

which is also proportional to the sinc function. Since the square of a sinc function 2sinc ( )x  = 0.5 when x  = 1.393, 
the FWHM of the focused plane wave in Eq. (41) is given by 2

02 0.8868 /λ= ≈FWHMPR x F D . Note that 

0 0 / 1.393= = =xx k a kx a F , then 0 1.393 /( )=x F ka  = 0.4434 /λF D , where 2=D a  is the width of the 1D array 

transducer. Choosing F  = 100 mm, D  = 25 mm, f  = 3.5 MHz, and c  = 1500 m/s, then /λ = c f  = 0.4286 mm 
and 2

FWHMPR  = 1.5202 mm (see Figs. 2(b) and 4(b)). Let -12 / 0.5027 mmα π= =a , the center positions of the peaks 
of the radiation force will be 

0 0 / α= = ±xk kx F  or 0 /α= ± = ±x d F k  = 2 /( )π± F ka  = 3.4286 mm±  (see Figs. 2(b) 

and 4(b)). Thus, we have 2
1 ( / 2)= − FWHMd d PR  = 2.6685 mm and 2

2 ( / 2)= + FWHMd d PR  = 4.1887 mm (see Fig. 
3(b)). With these parameters, line plots along 0x  are give in Figs. 2(b) (pink dash-dotted line) and 4(b). As in the 
focused Bessel beam case in Subsection I.d above, a piecewise (binary) cosine aperture weighting can be used to 
increase transmit power to produce a stronger radiation force (see Ref. [19]), i.e., setting 1cos( ) 1α =r  if 

1cos( ) 0α ≥r , and 1cos( ) 1α = −r  otherwise (see Figs 4(b), and Figs. 5(e) to 5(h)).  

3. RESULTS  
 

Fig. 1 illustrates how a focused shear wave can be produced with a focused Bessel beam (Fig. 1(a), with an 
annular or 2D array transducer) or a focused cosine beam (Fig. 1(b), with 1D array transducer) via a radiation force, 
and how it can be used to modulate imaging waves for low-sidelobe and high-contrast super-resolution imaging 
(Figs. 1(c) and 1(d)). Figs. 2(a) and 2(b) illustrate the super-resolution imaging process quantitatively with focused 
shear waves using typical parameters in medical ultrasound imaging, corresponding to Fig. 1(c) and 1(d) 
respectively. Figs. 3(a) and 3(b) show the resonance gains of focused shear waves produced with a focused Bessel 
beam and a focused cosine beam in Figs. 1(a) and 1(b) respectively. Figs. 4(a) and 4(b) are theoretical and 
simulation results of radiation forces produced with the focused Bessel beam and focused cosine beam in Figs. 1(a) 
and 1(b) respectively, using typical medical ultrasound imaging parameters. Figs. 5(a)-5(d) and 5(e)-5(h) are the 
simulation results of both transverse and axial profiles of radiation forces produced by the focused Bessel and cosine 
transducers in Figs. 1(a) and 1(b) respectively, using the parameters given in Figs. 4(a) and 4(b). Since there is a 
large depth of field in radiation forces (Figs. 5(b), 5(d), 5(f), and 5(h)), real-time 2D ( 0 −x z  plane) super-resolution 
imaging is possible. For detailed descriptions of the figures, the readers are referred to the legends of the figures.  

4. CONCLUSION  
 

Methods of producing modulators for low-sidelobe and high-contrast super-resolution imaging using focused 
shear waves generated remotely by a cylindrical ring or plates (or a focal spot of conventional focused beam) of 
radiation forces were studied in details both theoretically and with computer simulations. These shear waves may 
resonate to form large peaks under certain boundary conditions to increase signal-to-noise ratio (SNR), and can also 
be produced locally. If the modulated imaging waves can interfere coherently before being detected, the sensitivity 
and dynamic range, and thus the image resolution can be greatly increased (using small physical particles such as 
optically opaque ions as modulators, atomic imaging may be possible). The results show that it is feasible to produce 
focused shear waves as modulators for super-resolution imaging using typical parameters used in medical 
ultrasound. Because the cylindrical ring or plates of radiation forces have a large depth of field (Fig. 5), real-time 2D 
super-resolution imaging with focused shear waves is possible. The study in this paper opens up an opportunity for 
super-resolution imaging of mechanical properties (shear-wave amplitude, speed, spectrum, and nonlinearity) of 
biological soft tissues deep in the body, and may help to distinguish between benign and malignant tissues.  
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